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This report gives the result of running the computer algebra independent integration test.

The download section in the appendix contains links to download the problems in plain
text format used for all CAS systems.

The number of integrals in this report is [ 34 ]. This is test number [ 87 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

Mathematica 13.1 (June 29, 2022) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.0.1 on windows 10.
Maple 2022.1 (June 1, 2022) on windows 10.

Maxima 5.46 (April 13, 2022) using Lisp SBCL 2.1.11.debian on Linux via sagemath
9.6.

5. Fricas 1.3.8 (June 21, 2022) based on sbcl 2.1.11.debian on Linux via sagemath 9.6.
6.

7. Sympy 1.10.1 (March 20, 2022) Using Python 3.10.4 on Linux.

8.

Giac/Xcas 1.9.0-13 (July 3, 2022) on Linux via sagemath 9.6.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was called directly from Python.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (34) | 0.00 (0)
Mathematica | 100.00 ( 34 ) | 0.00 (0)
Fricas | 100.00 (34) | 0.00(0)
Maple 9412 (32) | 5.88(2)
Giac 94.12 (32) | 5.88(2)
Maxima 94.12 (32) | 5.838(2)
Sympy 52.94 (18 ) | 47.06 ( 16)
Mupad | 44.12 (15) | 55.88 (19)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.00 0.00 0.00 0.00
Mathematica 100.00 0.00 0.00 0.00
Fricas 100.00 0.00 0.00 0.00
Maple 94.12 0.00 0.00 5.88
Sympy 47.06 5.88 0.00 47.06
Mupad N/A 14.71 0.00 55.88
Giac 29.41 0.00 64.71 5.88
Maxima, 29.41 0.00 64.71 5.88

Table 1.3: Antiderivative Grade distribution of each CAS

The following is a Bar chart illustration of the data in the above table.



Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .
The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).



The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima and
Giac) or it could be an indication of an internal error in CAS. This type of error requires
more investigations to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 % 0.00 % 0.00 %
Mathematica | 0 0.00 % 0.00 % 0.00 %
Maple 2 100.00 % 0.00 % 0.00 %
Fricas 0 0.00 % 0.00 % 0.00 %
Giac 2 100.00 % 0.00 % 0.00 %
Maxima, 2 100.00 % 0.00 % 0.00 %
Sympy 16 100.00 % 0.00 % 0.00 %
Mupad 19 100.00 % 0.00 % 0.00 %

Table 1.4: Failure statistics for each CAS




1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.

System Mean  time | Mean size | Normalized Median Normalized
(sec) mean size median
Rubi 0.05 96.62 0.71 98.50 1.00
Mathematica | 2.71 78.62 0.62 86.50 0.84
Maple 0.10 90.38 0.61 68.00 0.76
Maxima 0.53 499.66 2.80 125.00 1.98
Fricas 0.32 84.24 0.63 94.50 0.77
Sympy 0.22 37.78 0.67 0.00 0.00
Giac 0.33 129.84 0.92 98.50 0.94
Mupad 0.05 20.60 0.27 -1.00 -0.02

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used from the above table.
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Mean time used (seconds)

Normalized mean size of antiderivative

Lower is better

Lower is better
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1.4 list of integrals that has no closed form
antiderivative

{4 141519232728} 31,34}
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1.5 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}
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1.6 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.

1.7 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.
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1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.9 Important notes about some of the re-
sults

1.9.1 Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

{ from sage.interfaces.maxima_lib import maxima_lib
| maxima_lib.set('extra_definite_integration_methods', '[1')
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L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-
[from-using-maxima/| for reference.

1.9.2 Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

1.9.3 Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
L
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post

processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification ]
Sam Blake test file

[ Rubi script + grading + verification POST
PROCESSOR
PROGRAM
Test files from Albert : n b
T
8 Rich Rubi web site l aple script + grading
Waldek Hebisch - "
test file [ Python script to run sympy + grading
j\> . - Program that
b Latex repo
’ Matlab script for Mupad/Symbolic toolbox generates the p

Latex report
using input

from the ‘ HTML
result tables

™ Giac

SageMath/Python
script to test
Maxima, Fricas +

grading
Maxima —>

High level overview of the CAS
independent integration test

build system
One record (line) per one integral result. The line is CSV comma'separated. This is description of each record

! Fricas

pe

[ | SageMath

1. integer, the problem number.

2. integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
3. integer. Leaf size of result.

4. integer. Leaf size of the optimal antiderivative.

5. number. CPU time used to solve this integral. O if failed.

6. string. The integral in Latex format

7. string. The input used in CAS own syntax.

8. string. The result (antiderivative) produced by CAS in Latex format

9. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not
11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified.

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi a1 A
20. String. The optimal antiderivative in Mathematica syntx August 26,2022
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2.1 List of integrals sorted by grade for each
CAS

Local contents

2.1.1
2.1.2
2.1.3
214
2.1.5
2.1.6
2.1.7
2.1.8

Rubi .

Mathematica . . . . . . . . . . e

Maple

Maxima . . . . . . o e e e e e

FriCAS
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2.1.1 Rubi

A grade: { [1,2,3,,51/6 7. [0, 1) 2,3} 3, 5} 67} 15 [0, 20} 21,2 23,24 25,2027
829,50, 31,52 53,54 }

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: { 123,756,755, 0) [T 2 13) 145 167 15 19,20} 21 22, 25) 4, 25, 26, 2
28,29,B0,81] 52,53,54 )

B grade: { }
C grade: { }
F grade: { }

2.1.3 Maple

A guace: { 1,25 )7 5,5 1) 2 13415167 15 0, 20, 2 22, 25 20,25 26,27 5
50,51,52,83)54 )

B grade: { }
C grade: { }

F grade: { }

2.1.4 Maxima

A grade: { [4[0}[14,[15,[T9[23} 27} 28} 31,34 }

B grade: { }

C grade: { [L}[24[3,[6}[7}[8 [L1}[12} 13} 16} [17}[18} [20} 21} 22} [24} [25},[26, 29} {30} [32}[33] }
F grade: { 5[10] }
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2.1.5 FriCAS

A grade: { [1}2}[3} 4[5} 617} 8} 9} 10} 1 1 [12}[13} 14} [L5} [16} [17] 18} 19} 20} 21} 22} [23} [24} [25, [26} 27
[28,29,/30,31}[32,33}34] }

B grade: { }
C grade: { }
F grade: { }

2.1.6 Sympy

A grade: { [3}[41[8) % [13[14} 15} [18 [19} 22} 23, [26} 27}, 28, [31}34] }
B grade: { [12}[25] }
C grade: { }

F grade: { [1}2,5}[6[7}[10} 11} 16}[17} 20} [21} 24} [29}[30}32}[33) }

2.1.7 Giac
A grade: { [4[01[14,[L5}[19][23) [27} 2831} 4] }
B grade: { }

C grade: { )36 1035 16,75 20,20 23 2 25 26,29, B0 B39
F grade: { [5[10] }

2.1.8 Mupad

A grade: { [4[9}[14,[15}[19[23} 27} [28, 31} 34 }
B grade: { }
C grade: { }

F grade: { 25,6710 [15, (73 15,20, 23, 22,2 2526, 29, B0 B2 39
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it
is given just an F.

In this table,the column N.S. in the table below, which stands for normalized size is de-

fined as —antiderivative leaf size help make the table fit, Mathematica was abbre-
optimal antiderivative leaf size

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A C A F C F
) verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
viated to MMA.
size 249 249 160 204 1570 173 0 225 -1
N.S. 1 1.00 0.64 0.82 6.31 0.69 0.00 0.90 -0.00

time (sec) N/A 0.158 0.748 0.153 1.160 0.514 0.000 0.454 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 123 123 112 99 580 119 0 181 -1
N.S. 1 1.00 091 0.80 4.72 0.97 0.00 1.47  -0.01

time (sec) N/A 0.027 0.324 0.066 0.778 0.556  0.000 0.462 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade A A A A C A A C B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 98 98 85 81 112 103 88 135 99
N.S. 1 1.00 0.87 0.83 1.14 1.05 0.90 1.38 1.01

time (sec) N/A 0.016 0.192 0.058 0.286 0.485 0.267 0.469 0.058
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.06
time (sec) N/A 0.006 3.606 0.033 0.000  0.000 0.000 0.000 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 111 111 110 0 0 115 0 0 -1
N.S. 1 1.00 0.99 0.00 0.00 1.04 0.00 0.00 -0.01
time (sec) N/A 0.060 3.124 0.106 0.000  0.488 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 251 251 164 224 1570 178 0 227 -1
N.S. 1 1.00 0.65 0.89 6.25 0.71 0.00 0.90  -0.00
time (sec) N/A 0.152 0.754 0.129 1.160  0.546  0.000 0.452  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 124 124 116 110 580 125 0 183 -1
N.S. 1 1.00 094 0.89 4.68 1.01 0.00 148 -0.01
time (sec) N/A 0.028 0.330 0.068 0.780  0.489 0.000 0.476 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A C B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 99 99 88 88 112 106 94 137 105
N.S. 1 1.00 0.89 0.89 1.13 1.07 0.95 1.38 1.06
time (sec) N/A 0.017 0.188 0.060 0.295 0.467 0.285 0.442 0.053
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.006 3.384 0.033 0.000  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F A F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 111 111 114 0 0 123 0 0 -1
N.S. 1 1.00 1.03 0.00 0.00 1.11 0.00 0.00 -0.01
time (sec) N/A 0.061 3.981 0.121 0.000  0.436 0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 82 82 67 59 160 59 0 75 64
N.S. 1 1.00 0.82 0.72 1.95 0.72 0.00 0.91 0.78
time (sec) N/A 0.024 0.153 0.123 0.621 0.424 0.000 0.461 0.104
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A B C B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 41 41 39 30 126 32 155 65 32
N.S. 1 1.00 0.95 0.73 3.07 0.78 3.78 1.59 0.78
time (sec) N/A 0.010 0.056  0.058 0.564 0.426 0.680 0.468 0.483
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A C B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 24 24 24 20 70 22 29 39 19
N.S. 1 1.00 1.00 0.83 2.92 0.92 1.21 1.62 0.79
time (sec) N/A 0.004 0.028 0.052 0.541 0.405 0.254 0.476 0.041
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.06
time (sec) N/A 0.006 11.095 0.032 0.000  0.000 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 56 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.018 12.240 0.030 0.000  0.000 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 248 248 170 191 1617 178 0 212 -1
N.S. 1 1.00 0.69 0.77 6.52 0.72 0.00 0.85  -0.00
time (sec) N/A 0.177 0.645 0.213 1.130  0.430 0.000 0.466 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 126 126 116 95 610 124 0 170 -1
N.S. 1 1.00 0.92 0.75 4.84 0.98 0.00 1.35 -0.01
time (sec) N/A 0.056 0.263 0.118 0.756  0.438 0.000 0.481 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 100 100 97 72 124 93 83 122 -1
N.S. 1 1.00 0.97 0.72 1.24 0.93 0.83 1.22 -0.01
time (sec) N/A 0.035 0.113 0.097 0.513  0.442 0.558 0.481 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 33 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.03
time (sec) N/A 0.019 6.335 0.100 0.000  0.000 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 248 248 175 199 1617 187 0 214 -1
N.S. 1 1.00 0.71 0.80 6.52 0.75 0.00 0.86  -0.00
time (sec) N/A 0.161 0.646 0.197 1.136  0.462 0.000 0.499 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 126 126 122 99 611 133 0 172 -1
N.S. 1 1.00 0.97 0.79 4.85 1.06 0.00 1.37  -0.01
time (sec) N/A 0.049 0.275 0.118 0.755 0.483 0.000 0.500 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 100 100 100 76 124 96 88 124 -1
N.S. 1 1.00 1.00 0.76 1.24 0.96 0.88 1.24  -0.01
time (sec) N/A 0.038 0.114 0.098 0.518  0.455 0.543 0.501 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 33 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.03
time (sec) N/A 0.019 6.393 0.100 0.000  0.000 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 85 85 7 64 171 57 0 64 -1
N.S. 1 1.00 0.91 0.75 2.01 0.67 0.00 0.75  -0.01
time (sec) N/A 0.043 0.156 0.164 0.603  0.429 0.000 0.447 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A B C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 46 46 41 35 136 37 121 54 -1
N.S. 1 1.00 0.89 0.76 2.96 0.80 2.63 1.17  -0.02
time (sec) N/A 0.022 0.072 0.099 0.556  0.406 0.959 0.479 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A A C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 27 27 26 20 34 19 22 26 -1
N.S. 1 1.00 0.96 0.74 1.26 0.70 0.81 096 -0.04
time (sec) N/A 0.011 0.017 0.085 0.482 0.413 0.441 0.459 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 31 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.03
time (sec) N/A 0.018 10.486 0.087 0.000  0.000 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 69 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.033 10.574 0.087 0.000  0.000 0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 285 285 187 396 2271 231 0 565 -1
N.S. 1 1.00 0.66 1.39 7.97 0.81 0.00 1.98  -0.00
time (sec) N/A 0.191 1.241 0.140 1.387  0.403 0.000 0.466 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 140 140 129 182 696 141 0 325 -1
N.S. 1 1.00 0.92 1.30 4.97 1.01 0.00 2.32 -0.01
time (sec) N/A 0.046 0.642 0.072 0.762 0.416 0.000 0.488 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0 -1
N.S. 1 0.00  0.00 0.00 0.00 0.00 0.00 0.00 -0.05
time (sec) N/A 0.008 6.045 0.051 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 291 291 215 378 2360 258 0 536 -1
N.S. 1 1.00 0.74 1.30 8.11 0.89 0.00 1.84  -0.00
time (sec) N/A 0.243 1.075 0.209 1.397  0.416 0.000 0.530 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade A A A A C A F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 150 150 139 170 738 155 0 304 -1
N.S. 1 1.00 0.93 1.13 4.92 1.03 0.00 2.03 -0.01
time (sec) N/A 0.064 0.440 0.138 0.780  0.404 0.000 0.508 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 44 0 0 0 0 0 0 0 -1
N.S. 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.02
time (sec) N/A 0.025 6.455 0.112 0.000  0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of
number of rules
integrand size
the integral was to solve. In this test, problem number [10] had the largest ratio of [34]

the integrand. Finally the ratio is given. The larger this ratio is, the harder

Table 2.1: Rubi specific breakdown of results for each integral

number of numjber of no.rma?lize.d integrand number of rules
# | grade S;seep(f uz;g:e antlf;“r:ifzzwe leaf size integrand leaf size
1 A 8 6 1.00 15 0.400
2 A 4 4 1.00 13 0.308
3 A 3 3 1.00 11 0.273
4 A 0 0 0.00 0 0.000
5! A ) 4 1.00 32 0.125
6 A 8 6 1.00 16 0.375
7 A 4 4 1.00 14 0.286
3 A 3 3 1.00 12 0.250
9 A 0 0 0.00 0 0.000
10 A 5 4 1.00 34 0.118
11 A 6 6 1.00 13 0.462
12 A 3 3 1.00 11 0.273
13 A 2 2 1.00 9 0.222
14 A 0 0 0.00 0 0.000
15 A 0 0 0.00 0 0.000
16 A 10 7 1.00 17 0.412
17, A 6 ) 1.00 15 0.333
18 A 5 4 1.00 13 0.308
19 A 0 0 0.00 0 0.000
20 A 10 7 1.00 18 0.389
21] A 6 ) 1.00 16 0.312
22 A 5 4 1.00 14 0.286
23] A 0 0 0.00 0 0.000
24 A 8 7 1.00 15 0.467
25) A ) 4 1.00 13 0.308
Continued on next page




Table 2.1 — continued from previous page

32

number of

number of

normalized

# | gade| s | i | ancerimive | CEO | R,
260 A 4 3 1.00 11 0.273
27 A 0 0 0.00 0 0.000
28| A 0 0 0.00 0 0.000
29| A 8 6 1.00 19 0.316
30| A 4 4 1.00 17 0.235
31| A 0 0 0.00 0 0.000
32| A 10 7 1.00 21 0.333
33| A 6 5 1.00 19 0.263
34| A 0 0 0.00 0 0.000




Chapter 3

Listing of integrals

Local contents

3.1 Jz?cos(a+bz+ecz?)dr .. ...
32  [zcos(a+bz4ecz®)dr . .. ...
33  Jeos(a+br+er?)dr. .. ...
34 [ SO e
35 [ (enlepre)  benletberet)) gy
36  [zPcos(a+br—cx®)dr . ... ...
37  [zcos(a+bz—cx?)dz ... ...
38  [eos(a+br—cx®)dz. ... ...
3.0 [
300 [ (exlete)  bmleteeet)) gy
311 [a?cos(3+a+a?)dz .. ...
312 [zcos(f+z+a?)dr. .. ...
313 feos(i4z+a?)dr . ...
304 [l ) g
.15 [l gu
316  [zPcos’(a+br+cx®)dr . . .. ...
317  [zcos?(a+br+cx®)dr . . ...
318 [ceos?(a+bx+cx®)dr . . .. ...
319 [
320 [zPcos’(a+br—cx®)dr . . . ...
321  [zcos?(a+br—cx®)dr . ... ...
322  [cos?(a+bz—cz®)dr ... .. ...
303 [t
324  [acos? (f+z+a?)dr. . ...
325 [zcos® (3+z+a)dz ...



3.26
3.27

3.28
3.29
3.30
3.31
3.32
3.33

3.34

(d+ ex) cos (a + bz + cz?) dz
cos(a-{—bac—i—cwz) dCL'

d+ex

(d+ ex)? cos? (a + bz + cz?) dz

(d + ex) cos? (a + bx + cz?) dx
cos? (a+bx+cac2) d.’E

d+ex
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3.1 [ 2% cos (a + bz + cx?) dx

Optimal. Leaf size=249

2 |T 2 b+2cz m 2 b+2cz m b+2cz
b \/; cos (a 4c> FresnelC(—\/Em> \/; cos <a 40) S(—\/E\/ﬁ) B \/;FresnelC(—\/Em

Ac5/2 2c3/2 2c3/2

[Out] -1/4*b*sin(c*x~2+b*x+a)/c”2+1/2*xx*sin(c*xx~2+b*x+a) /c+1/8*b"2*cos(a-1/4*xb"2/
c)*FresnelC(1/2*(2*c*x+b)/c~(1/2)*2~(1/2)/Pi~(1/2))*2"(1/2)*Pi~(1/2)/c~(5/2
)-1/4%cos(a-1/4*%b"2/c)*FresnelS(1/2*(2*xc*x+b)/c~(1/2)*2~(1/2) /Pi~(1/2))*2~(
1/2)*Pi~(1/2)/c~(3/2)-1/4*FresnelC(1/2* (2*xc*x+b) /c~(1/2)*2~(1/2) /Pi~(1/2))*
sin(a-1/4*%b~2/c)*2°(1/2)*Pi~(1/2)/c~(3/2)-1/8*b~2*FresnelS(1/2* (2*c*x+b) /c”
(1/2)*27(1/2) /Pi~(1/2))*sin(a-1/4%b"2/c)*2~(1/2)*Pi~(1/2) /c~(5/2)

Rubi [A]
time = 0.16, antiderivative size = 249, normalized size of antiderivative = 1.00, number of

e =15, number of rules _ o 400,
integrand size

steps used = 8, number of rules used = 6, integrand siz
Rules used = {3545, 3543, 3529, 3433, 3432, 3528}

T e bi2ex o2 e bi2ex KT b _ bi2er ™ e bt2cz
\/; sin (a M) F\'esnelC( o \/F) . \/;b cos (a 46) F\'esnelC(\/27 \/;> e b?sin (a 16) S(\/Z o ) ~ \/; cos (a 46) S(ﬁ o ) bsin (a+ ba + cz?) . wsin (a+ bz + c?)
2c3/2 4ch/? 4ch/? 2c3/2 4c? 2c

Antiderivative was successfully verified.
[In] Int[x"2*Cos[a + b*x + c*x"2],x]

[Out] (b~2#Sqrt[Pi/2]*Cos[a - b~2/(4*c)]*FresnelC[(b + 2xc*x)/(Sqrt[c]*Sqrt[2*Pi]

)1)/(4xc~(5/2)) - (Sqrt[Pi/2]*Cos[a - b~2/(4*c)]*FresnelS[(b + 2xc*x)/(Sqrt

[c]*Sqrt[2%#Pi])]1)/(2%c~(3/2)) - (Sqrt[Pi/2]*FresnelC[(b + 2x*c*x)/(Sqrt[c]*S

qrt [2«¥Pi])]*Sin[a - b~2/(4*c)]1)/(2%c~(3/2)) - (b~2*Sqrt[Pi/2]*FresnelS[(b +
2*c*x) / (Sqrt [c]#Sqrt [2*xPi])I1*Sin[a - "2/ (4*c)])/(4xc~(5/2)) - (bxSinl[a +

bxx + c*xx72])/(4*%c”2) + (x*Sin[a + b*x + c*x72])/(2%c)

Rule 3432

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol]l :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))#*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]1))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3528

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Sin[(b + 2%c*x)~2/(4xc)], x], x] - Dist[Sin[(b~2 - 4xaxc)/
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(4%c)], Int[Cos[(b + 2%c*x)~2/(4xc)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Cos[(b + 2%c*xx)~2/(4xc)], x], x] + Dist[Sin[(b~2 - 4xaxc)/
(4xc)], Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3543

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sin[a + b*x + c*x~2]/(2*c)), x] + Dist[(2*c*d - bxe)/(2*c), Int[
Cos[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bx*
e, 0]

Rule 3545

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol] :> Simp[ex(d + exx)"(m - 1)*(Sin[a + b*x + c*x~2]/(2*c)), x] + (-Dist[
(bxe - 2%c*d)/(2%c), Int[(d + exx)~(m - 1)*Cos[a + b*x + c*xx~2], x], x] - D
ist[e™2*%((m - 1)/(2%c)), Int[(d + exx)"(m - 2)*Sin[a + b*x + c*x~2], x], x]
) /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*xe - 2xc*d, 0] && GtQ[m, 1]

Rubi steps

zsin(a+br +cz?) [sin(a+bz+cz®)dr b [zcos(a+ bz +cz?) dx

/z2 cos (a + bz + cz?) dz =

2c 2c 2c

bsin (a + bx + cx?) N zsin (a + bz + cz?) N b* [cos(a+bx +cz®) dz ©

4c2 2c 4¢2?

Va8 o) Ve )onet

)

203/2 263/2

i eel-Be(@r) (i e-9s(Rn

b+2cx

)

405/2 203/2

Mathematica [A]
time = 0.75, size = 160, normalized size = 0.64

—\/FS(\/?:;;T) (2ccos (a - Z%) +b%sin (a - Zic)) + \/QTF‘IQSHBIC(\/i+\2/—‘> ( cos (a - Z%) — 2csin (a - Z%)) +24/c (=b+ 2cz) sin(a + z(b + cz))

8c5/2
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Antiderivative was successfully verified.

[In] Integrate[x~2*Cos[a + b*x + c*x72],x]

[Out] (-(Sqrt[2#Pi]*FresnelS[(b + 2x*c*x)/(Sqrt[c]l*Sqrt[2*Pi])]*(2*xc*Cos[a - b~2/(
4xc)] + b"2xSin[a - b~2/(4*c)])) + Sqrt[2*Pi]*FresnelC[(b + 2*c*x)/(Sqrt[c]

*Sqrt [2#Pi])]*(b"2*Cos[a - b"2/(4xc)] - 2xcxSin[a - b~2/(4*c)]) + 2xSqrt(c]

*(-b + 2*cxx)*Sin[a + x*(b + c*x)])/(8%c”(5/2))

Maple [A]

time = 0.15, size = 204, normalized size = 0.82

method | result

e e bl K i v,

2e B 46%
 sin (c x? +bx+a)
default 50 — 5o
i (4ac—b2 i (4ac—b? i (4ac—b2
b2/ e_@ci) erf(\/’ic x+i1’_> i/ T e_@ci) erf(\/ ic x-{—ib‘) b2/ eLaZci) erf<—\/
2V 1C 2V 1C

risch — —
16¢2 \/z? 8c\/i? 16¢2 \/:

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(c*x~2+b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/2*x*sin(c*x”2+bxx+a)/c-1/2*b/cx(1/2*sin(cxx"2+b*x+a)/c-1/4*b/c”(3/2)*2~ (1
/2)*Pi~(1/2)*(cos((1/4%b~2-axc)/c)*FresnelC(2"(1/2)/Pi~(1/2)/c~(1/2) * (c*x+1
/2%b))+sin((1/4*b~2-a*c)/c)*FresnelS(2~(1/2) /Pi~(1/2)/c~(1/2)*(c*x+1/2%b)))
)-1/4/c~(3/2)*2~(1/2)*Pi~(1/2) *(cos ((1/4%b~2-a*xc) /c) *FresnelS(2~(1/2) /Pi~ (1
/2)/c”(1/2) *(c*xx+1/2%b) )-sin((1/4*b~2-a*c) /c) *FresnelC(2~(1/2) /Pi~(1/2)/c~(

1/2) *(cxx+1/2%b)))

Maxima [C] Result contains complex when optimal does not.
time = 1.16, size = 1570, normalized size = 6.31

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(c*x~2+b*x+a),x, algorithm="maxima")
g g

[Out] 1/32%(8*x(((-(I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt((4*I*c~2*xx"2 + 4*Ixbxc*x
+ I¥b"2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt(-(4*I*c~2*x"2 +
4xIxb*xc*x + Ixb~2)/c)) - 1))*b~2%c™3 + 4x((I + 1)*sqrt(2)*gamma(3/2, 1/4*(
4xI*xc™2%x"2 + 4xI*bkxcxx + I*¥b~2)/c) - (I - 1)*sqrt(2)*gamma(3/2, -1/4*(4*xIx
C72%x72 + 4*Ixb*c*x + I*b~2)/c))*c”4)*cos(-1/4*%(b~2 - 4xaxc)/c) + ((-(I + 1
) *sqrt (2) *sqrt (pi) * (erf (1/2*sqrt ((4*I*c™2*x~2 + 4*xIxbxc*x + I*b~2)/c)) - 1)
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+ (I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2xsqrt(-(4*I*c™2*x"2 + 4*Ixbkxcxx + I*b~2
)/c)) = 1))*b"2%c”™3 + 4% (-(I - 1)#*sqrt(2)*gamma(3/2, 1/4x(4*xIxc~2%x"2 + 4xI
*xbxcxx + I*xb~2)/c) + (I + 1)*sqrt(2)*gamma(3/2, -1/4%(4xIxc™2xx"2 + 4xIxbxc
*x + I*¥b~2)/c))*c”4)*sin(-1/4*(b"2 - 4*a*xc)/c))*x"3 + 12x(((-(I - 1)*sqrt(2
)*sqrt (pi)* (erf (1/2xsqrt ((4*Ixc~2*x"2 + 4*I*bxc*x + I*b~2)/c)) - 1) + (I +
1) *sqrt (2) *sqrt (pi)* (erf (1/2*sqrt (- (4*I*c~2*xx"2 + 4*xIxbxc*x + I*b~2)/c)) -
1))*#b~3*%c™2 + 4% ((I + 1)*sqrt(2)*gamma(3/2, 1/4%(4xI*c”2*%x"2 + 4*I*bkckxx +
Ixb~2)/c) - (I - 1)*sqrt(2)*gamma(3/2, -1/4*(4*I*c”2%x"2 + 4*I*b*c*x + Ixb~
2)/c))*bxc~3)*cos(-1/4*(b~2 - 4*axc)/c) + ((-(I + 1)*sqrt(2)*sqrt(pi)*(erf(
1/2*sqrt ((4*I*c~2%x"2 + 4*xIxbxckx + Ix*b~2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(
pi)*(erf (1/2*sqrt (- (4*xI*c~2%x~2 + 4*I*bkcxx + I*b~2)/c)) - 1))*b~3%c™2 + 4%
(-(I - 1)*sqrt(2)*gamma(3/2, 1/4*(4*I*c~2xx"2 + 4xIxb*xc*x + I*xb~2)/c) + (I
+ 1)*sqrt(2)*gamma (3/2, -1/4*(4*xIxc~2%x"2 + 4xIxb*c*x + Ixb~2)/c))*b*c”3)*s
in(-1/4* (b2 - 4xa*xc)/c))*x"2 + 8*(bxc™2*(I*e” (1/4%(4*xI*c~2%x"2 + 4*I*bkc*x

+ Ixb~2)/c) - Ixe”(-1/4x(4*xI*c~2%x"2 + 4xIxb*c*x + I*b~2)/c))*cos(-1/4*(b”
2 - 4xaxc)/c) - bxc”2x(e”(1/4%(4*xI*c”2*%x"2 + 4*I*bxcxx + I*b~2)/c) + e~ (-1/
4x (4*%I*c™2%x"2 + 4xIxbxcxx + I*b~2)/c))*sin(-1/4*(b"2 - 4*a*c)/c))*((4xc™2x%
X"2 + 4¥bkxcxx + b72)/c)"(3/2) + 6x(((-(I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqr
t((4*I*c™2%x72 + 4xI*bkcxx + I*b~2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(er
f(1/2*sqrt (-(4*I*c™2xx"2 + 4xIxbkc*x + I*b~2)/c)) - 1))*b~4*c + 4x((I + 1)*
sqrt (2) *gamma (3/2, 1/4*(4xI*c™2xx"2 + 4*Ixbxc*x + I*b~2)/c) - (I - 1)*sqrt(
2)*gamma (3/2, -1/4*(4*I*c~2%x"2 + 4xIxb*c*x + I*b~2)/c))*b~2%c~2)*cos(-1/4*
(b~2 - 4x*axc)/c) + ((-(I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt((4*xI*c”2*x"2 +

4xIxb*xc*x + Ixb~2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*xsqrt(-(4*I
*xCT2%x"2 + 4xIxbkckx + I*b72)/c)) - 1))*b~4xc + 4x(-(I - 1)*sqrt(2)*gamma(3
/2, 1/4x(4xI*c"2%x"2 + 4*Ixbxcxx + I*b~2)/c) + (I + 1)#*sqrt(2)*gamma(3/2, -
1/4% (4*%I*c™2%x"2 + 4*Ixb*c*x + I*b~2)/c))*b"2%c”2)*sin(-1/4%(b~2 - 4*axc)/c
N*x — (((I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt ((4*I*c™2*xx~2 + 4*Ixbxc*x +
I¥b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf (1/2xsqrt(-(4*I*c”2*x"2 + 4%
Ixb*cxx + I*b~2)/c)) - 1))*b~5 - 4x((I + 1)*sqrt(2)*gamma(3/2, 1/4%(4*I*c~2
*x"2 + 4xIxbxcxx + I*b"2)/c) - (I - 1)*sqrt(2)*gamma(3/2, -1/4%(4xIxc™2xx"2

+ 4xIxb*c*x + I*b~2)/c))*b~3*c)*cos(-1/4*x(b"2 - 4*a*xc)/c) - (((I + 1)*sqrt
(2) *sqrt (pi)*(erf (1/2*sqrt ((4*xI*c~2*%x"2 + 4*I*b*cxx + I*b~2)/c)) - 1) - (I
- 1)*sqrt(2) *sqrt (pi) *(erf (1/2*sqrt (- (4*I*c~2*x"2 + 4*I*bxcxx + I*b~2)/c))
- 1))*b"5 - 4% (-(I - 1)*sqrt(2)*gamma(3/2, 1/4%(4*I*c™2*x"2 + 4xIxb*c*x + I
*b~2)/c) + (I + 1)*sqrt(2)*gamma(3/2, -1/4%(4*I*c™2%x"2 + 4xIxbxcxx + I*b~2
)/c))*b”3xc)*sin(-1/4% (b2 - 4*axc)/c))/(c™4*((4*xc™2xx"2 + 4*bxc*x + b~2)/c
)~(3/2))

Fricas [A]
time = 0.51, size = 173, normalized size = 0.69

VT [© Vo2
V2 (7rb2 cos (—bzf“i“‘) - 27rcsin< "222“)) \/E C ( 2e ;) ul ) - ﬁ(ﬂbQ sin (—"ﬁﬁ“) +27rccos< bg;‘:“)) \/E S ( e ;) u ) +2(2c% — be) sin (cz® + bz + a)

8¢t

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2*cos(c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/8*(sqrt(2)*(pi*b~2xcos(-1/4*(b~2 - 4xaxc)/c) - 2xpi*c*sin(-1/4*(b"2 - 4xa
xc)/c))*sqrt(c/pi)*fresnel_cos(1/2xsqrt(2)*(2*c*x + b)*sqrt(c/pi)/c) - sqrt
(2)*(pi*b~2*sin(-1/4*(b~2 - 4xaxc)/c) + 2kpi*ckcos(-1/4%(b~2 - 4%axc)/c))*s
grt(c/pi)*fresnel_sin(1/2*sqrt(2)*(2*c*x + b)*sqrt(c/pi)/c) + 2% (2%c™2*x -
b*c)*sin(c*x™2 + b*x + a))/c"3

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/x2 cos (a + bz + cz?) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cos(c*xx**2+b*x+a),x)
[Out] Integral(x**2*cos(a + b*x + cxx**2), Xx)

Giac [C] Result contains complex when optimal does not.
time = 0.45, size = 225, normalized size = 0.90

ﬁ\/?(lﬂ—bc)ezf(—%\/?(?z«#%) (WH)\/H)E(’;H‘&)
_ () Vil

16 2 16 2

VEVE @sneyen( -1 VE (242) (-500) VI )l T)

= —2(c(2iz + L) — 2ib)el-iert~iba=ia)
(#+1) Vel

—2(c(~2iz — L) + 2ib)elica+itatia)

c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/16%(sqrt(2)*sqrt(pi)*(b~2 + 2*Ixc)*erf(-1/4*sqrt(2)*(2*x + b/c)*(-I*c/ab
s(c) + 1)x*sqrt(abs(c)))*e”(-1/4x(I*b"2 - 4*I*a*c)/c)/((-Ixc/abs(c) + 1)*sqr
t(abs(c))) - 2x(cx(-2*%I*x - I*b/c) + 2%Ixb)*e”(I*cxx~2 + Ixbxx + I*a))/c”2
- 1/16%(sqrt (2) *sqrt (pi) *(b~2 - 2*Ixc)*erf(-1/4*sqrt(2)*(2*x + b/c)*(I*c/ab
s(c) + 1)x*sqrt(abs(c)))*e”(-1/4%(-I*¥b~2 + 4xIxa*xc)/c)/((I*c/abs(c) + 1)*sqr
t(abs(c))) - 2%(cx(2*%Ixx + Ixb/c) - 2xI*b)*e”(-I*cxx™2 - I*bxx - I*a))/c”2

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/x2 cos (cx2+bm+a) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(a + b*x + c*x~2),x)

[Out] int(x"2*cos(a + b*x + c*x~2), Xx)
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3.2 [ zcos(a+ bz + cz?) dz

Optimal. Leaf size=123

/T _ _ bi2ex /T g _bt2ex | _
_b > cos(a 4C>FresnelC<\/E '—27r>+b 5 S<\/E Tﬁ>51n<a 4C>+sin(a+bx+cx2)

2c3/2 2c3/2 2¢c

[Out] 1/2*sin(c*xx~2+b*x+a)/c-1/4%bxcos(a-1/4*%b~2/c)*FresnelC(1/2*(2xc*x+b)/c~(1/2
)*x27(1/2) /Pi~(1/2))*2~(1/2)*Pi~(1/2) /c~(3/2)+1/4xb*FresnelS(1/2% (2*c*x+b) /c
~(1/2)*27(1/2)/Pi~(1/2))*sin(a-1/4*b~2/c)*2~(1/2)*Pi~(1/2) /c~(3/2)

Rubi [A]
time = 0.03, antiderivative size = 123, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.308,

steps used = 4, number of rules used = 4, integrand size = 13
Rules used = {3543, 3529, 3433, 3432}

E _ b+2cx E : _b? b+2cx
_1/2 bcos (a 4C> FresnelC( o \/E) N \/;bsm (a 40) S(ﬁ o > +sin(a+bx+cx2)

2c3/2 2c3/2 2¢c

Antiderivative was successfully verified.
[In] Int[x*Cos[a + b*x + c*x"2],x]

[Out] -1/2*(b*Sqrt[Pi/2]*Cos[a - b~2/(4*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt [2x*
Pi])]1)/c~(8/2) + (b*Sqrt[Pi/2]*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[2*xPi])]*S
infa - b72/(4%c)])/(2%c~(3/2)) + Sin[a + b*x + c*xx~2]/(2%c)

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Cos[(b + 2%c*xx)~2/(4xc)], x], x] + Dist[Sin[(b~2 - 4xaxc)/
(4xc)], Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3543
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Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sin[a + b*x + c*x~2]/(2*c)), x] + Dist[(2*c*d - bxe)/(2*c), Int[
Cos[a + b*x + c*x72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b*

e, 0]

Rubi steps

sin (@ +bx +cz®) b [cos(a+bzr+cs’) ds

/xcos (a+bz+cz?) do =

2c 2c
_sin(a+ bz + cz?) (bcos (a — %)) | cos (W) dx . (bsin (a - Z—i))
B 2c B 2c
__b@cos(a b2>0(\/i+\27—) g (\/ZJ“\Q;L)Sin(a—%) .
2c3/2 2c3/2

Mathematica [A]
time = 0.32, size = 112, normalized size = 0.91

—bV27 cos (a - %) FresnelC < \/?\2/8;7) +bv2r' S ( \/if/w_) sin ( ) +2v/¢ sin(a + z(b+ cx))
4c3/?

Antiderivative was successfully verified.

[In] Integrate[x*Cos[a + b*x + c*x~2],x]

[Out] (-(b*Sqrt[2*Pil*Cos[a - b~2/(4*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt[2xPi]
)1) + bxSqrt[2xPi]*FresnelS[(b + 2xcxx)/(Sqrt[c]*Sqrt[2+Pi])]*Sin[a - b~2/(
4xc)] + 2xSqrt[cl*Sin[a + x*(b + c*x)])/(4%c~(3/2))

Maple [A]
time = 0.07, size = 99, normalized size = 0.80

method | result

1 (o e (2

i 2+bm+a)
default | 2202 — 99
2c 402
1, 4ac b2 - 2 4ac b2 i .
by/T B erf(\/ 1C o4+ —2 ) b\/— B erf<—\/$ T+ b >
risch 2vie /o 2V —ic /) sin(ca®+ba+a) | 4
8cVic SC\/—iC 2c

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(x*cos(c*x~2+b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/2*sin(c*x~2+b*x+a)/c-1/4%b/c”(3/2)*2~(1/2)*Pi~(1/2)*(cos((1/4xb~2-axc)/c)
*FresnelC(2°(1/2)/Pi~(1/2)/c~(1/2) *(c*x+1/2%b) ) +sin((1/4*b~2-a*c) /c) *Fresne
1S(2°(1/2)/Pi~(1/2)/c~(1/2) *(c*x+1/2%Db)))

Maxima [C] Result contains complex when optimal does not.
time = 0.78, size = 580, normalized size = 4.72

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(c*x~2+b*x+a),x, algorithm="maxima")

[Out] 1/16%(((I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt((4*I*c~2*xx"2 + 4*xIxb*xc*x + Ix
b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt(-(4*xI*xc~2*%x"2 + 4*I*
bxc*x + I*b~2)/c)) - 1))*b~2xcos(-1/4*(b~2 - 4xaxc)/c) + ((I + 1)*sqrt(2)*s
qrt (pi)*(erf (1/2*sqrt ((4*xI*c~2*x"2 + 4*Ixb*c*x + I*b~2)/c)) - 1) - (I - 1)*
sqrt (2) *sqrt (pi) *(erf (1/2*sqrt (- (4*Ixc~2*x~2 + 4*Ixbxc*x + I*b~2)/c)) - 1))
*b~2%sin(-1/4*% (b2 - 4xaxc)/c) - 2*x((-(I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqr
t((4%Ixc™2%x"2 + 4xIxb*c*x + Ixb~2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(er
f(1/2*sqrt (- (4*I*c™2xx"2 + 4xIxbxc*x + I*b~2)/c)) - 1))*bxcxcos(-1/4*(b"2 -
4xa*xc)/c) + (-(I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*xsqrt((4*I*xc~2*x~2 + 4*I*bx
cxx + I*¥b~2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt (- (4*I*c~2xx"
2 + 4xIxb*c*x + I*b~2)/c)) - 1))*b*c*sin(-1/4*(b~2 - 4xa*xc)/c))*x - 4x(c*x(I
*xe” (1/4% (4xIxc™2%x"~2 + 4*xI*xbkckx + I*b~2)/c) - I*ke”(-1/4%(4*xIxc™2xx"2 + 4xI
*xbkxcxx + I*b~2)/c))*cos(-1/4%(b~2 - 4xaxc)/c) - cx(e”(1/4x(4*I*c™2*%x"2 + 4%
Ixb*ckx + I*b~2)/c) + e~ (-1/4*(4*I*c™2%x"2 + 4xIxb*c*x + I*b~2)/c))*sin(-1/
4x (b2 - 4xaxc)/c))*sqrt((4*c™2*x"2 + 4*bkcxx + b~2)/c))/(c”2*sqrt ((4*c~2*x
~2 + 4xbxcxx + b~2)/c))

Fricas [A]
time = 0.56, size = 119, normalized size = 0.97

4c 2c 2c

c \/2_‘(24:1‘+b)1/£ p \/2_‘(2cz+b)1/£ )
V2'7by [ = cos (—1’2_4‘“)0 T | -v2'aby/= S| ———L" |sin <—b27‘2“) — 2csin (cz? + bz + a)
7r m

4c?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/4%(sqrt(2)*pi*b*sqrt(c/pi)*cos(-1/4*%(b~2 - 4*axc)/c)*fresnel_cos(1/2*sqr
t(2)*(2*%c*x + b)*sqrt(c/pi)/c) - sqrt(2)*pixbxsqrt(c/pi)*fresnel_sin(1/2*sq
rt(2)*(2xc*x + b)*sqrt(c/pi)/c)*sin(-1/4x(b"2 - 4*a*c)/c) - 2*c*sin(c*x"2 +

b*x + a))/c”2
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/xcos (a+ bz + cz?) do

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(c*x**2+b*x+a),x)
[Out] Integral(x*cos(a + b*x + c*x**2), Xx)

Giac [C] Result contains complex when optimal does not.
time = 0.46, size = 181, normalized size = 1.47

—ib?+diac
<

ﬁ\/??berf(—% V2 (2042) (- 1541) M)e(’%ﬁfw ﬁ\/?berf<—} V2 (2042) (1211) M)e(’ﬁf) + i elicsiitaia)

— 9% e(icz2+ibx+ia)
(f+1) Vel N (5+1) vl
8c

8c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(c*x~2+b*x+a),x, algorithm="giac")

[Out] 1/8%(sqrt(2)*sqrt(pi)*b*erf(-1/4*sqrt(2)*(2*x + b/c)*(-I*c/abs(c) + 1)*sqrt
(abs(c)))*e”(-1/4%(I*b~2 - 4x*Ixaxc)/c)/((-I*c/abs(c) + 1)*sqrt(abs(c))) - 2
*xIxe” (Ixc*x"2 + Ixbxx + I*a))/c + 1/8*(sqrt(2)*sqrt(pi)*b*erf (-1/4*sqrt(2)*

(2xx + b/c)*(Ixc/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4*%(-I*b~2 + 4xI*xaxc)/c)/((
Ixc/abs(c) + 1)*sqrt(abs(c))) + 2*I*e” (-Ixc*x"2 - Ixbxx - I*a))/c

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/w cos (cz® + bz +a) do

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + b*x + c*x~2),x)

[Out] int(x*cos(a + b*x + c*x~2), x)
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3.3 [ cos (a+ bz + cx?) dzx

Optimal. Leaf size=98

™ b2 b+2cz T b+2cx : b2
\/; cos (a 4c> FresnelC(\/g\/ﬁ> \/;S(\/E\/ﬁ) sin <a 4c>

e Ve

[Out] 1/2*cos(a-1/4*b"2/c)*FresnelC(1/2*(2xcxx+b)/c~(1/2)*2~(1/2)/Pi~(1/2))*2~(1/
2)*xPi~(1/2)/c~(1/2)-1/2*FresnelS(1/2* (2*xc*xx+b) /c~(1/2)*2~(1/2) /Pi~(1/2) ) *si
n(a-1/4%b"2/c)*2~(1/2)*Pi~(1/2)/c~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 98, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.273,

steps used = 3, number of rules used = 3, integrand size = 11
Rules used = {3529, 3433, 3432}

E _¥ b+2cx z : b b+2cx
\/; cos (a 4C> FresnelC(—,Tw \/E) \/; sin (a 40) S(\/E o )

Ve Ve

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x + c*x~2],x]

[Out] (Sqrt[Pi/2]*Cos[a - b~2/(4*c)]*FresnelC[(b + 2x*c#*x)/(Sqrt[c]l*Sqrt[2*Pi])])/
Sart[c] - (Sqrt[Pi/2]*FresnelS[(b + 2%c*x)/(Sqrt[c]l*Sqrt[2*Pi])]*Sin[a - b~
2/(4%c)])/Sqrt[c]

Rule 3432

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))#*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))#*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Cos[(b + 2*c*x)~2/(4*c)], x], x] + Dist[Sin[(b"2 - 4x*axc)/
(4%c)], Int[Sin[(b + 2xc*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b2 - 4xaxc, 0]

Rubi steps
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/cos(a+bx+cx2) dx = cos (a—g)/cos (W) dr — sin (G—Ez)/sm( (b + 2cx) ) "
Vi oele-Bo(pem) Vro()me-)

N Ve Je

Mathematica [A]
time = 0.19, size = 85, normalized size = 0.87

[5 el By 27) {25 o)

Ve

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x + c*x~2],x]

[Out] (Sqrt[Pi/2]1*(Cos[a - b~2/(4*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]l*Sqrt[2*Pi])]
- FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[2*Pi])]*Sin[a - b~2/(4*c)]))/Sqrt[c]

Maple [A]
time = 0.06, size = 81, normalized size = 0.83

method | result size
f \/— (COS FresnelC < f (cz+7) ) %_‘w S ( \/5 (cx+%) ) )
default ( > VT Ve ( > g 81
2¢/c
\/Fe_i(%a?c_i) erf(\/?? a:+w> \/Fe@c_bi) erf(—\/ —1iC =+ = )
risch - 2/ie ) _ — 2y —Ie 99
ic 44/ —ic

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c*x"2+b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/2%x2~(1/2)*Pi~(1/2)/c~(1/2)*(cos((1/4*b~2-a*c)/c)*FresnelC(2~(1/2)/Pi~(1/2
)/c”(1/2)*(cxx+1/2%b) )+sin((1/4*xb~2-a*xc) /c) *FresnelS(2~(1/2)/Pi~(1/2)/c~(1/
2) * (c*x+1/2%b)))

Maxima [C] Result contains complex when optimal does not.
time = 0.29, size = 112, normalized size = 1.14

VIV (1= 1 cos (<2558) o i-41) s (~2585) Y ert (252 ) (6 2) os (—585) (1 1) i (~2te) (22t ) )
- el
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a),x, algorithm="maxima")

[Out] -1/8%sqrt(2)*sqrt(pi)*(((I - 1)*cos(-1/4*(b"2 - 4xaxc)/c) + (I + 1)*sin(-1/
4x (b2 - 4xaxc)/c))*xerf(1/2*(2xI*c*x + Ixb)/sqrt(Ixc)) + ((I + 1)*cos(-1/4*
(b"2 - 4xaxc)/c) + (I - 1)*sin(-1/4*%(b~2 - 4x*axc)/c))*erf(1/2x(2*Ixcxx + I*

b)/sqrt(-I*c)))/sqrt(c)

Fricas [A]
time = 0.49, size = 103, normalized size = 1.05

) \/5 (2 cz+b) E c \/5 (2 cz+b) E )
ey s (o) | S v 28| SN ()
™

4c 2c

2c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/2*%(sqrt(2)*pi*sqrt(c/pi)*cos(-1/4*(b~2 - 4xaxc)/c)*fresnel_cos(1/2*sqrt(2
)*(2xc*x + b)*sqrt(c/pi)/c) - sqrt(2)*pi*sqrt(c/pi)*fresnel_sin(1/2*sqrt(2)
*x(2xcxx + b)*sqrt(c/pi)/c)*sin(-1/4*(b"2 - 4xaxc)/c))/c

Sympy [A]
time = 0.27, size = 88, normalized size = 0.90

VIV (an (o %)s( ) v (o-2)e(e2)) i

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x**2+b*x+a),x)

[Out] sqrt(2)*sqrt(pi)*(-sin(a - b**2/(4xc))*fresnels(sqrt(2)*(b + 2*xc*xx)/(2*sqrt
(pi)*sqrt(c))) + cos(a - b*x2/(4*c))*fresnelc(sqrt(2)*(b + 2*c*x)/(2*sqrt(p

i)*sqrt(c))))*sqrt(1/c)/2
Giac [C] Result contains complex when optimal does not.
time = 0.47, size = 135, normalized size = 1.38

_\/5 V' erf (—i V2 (22 +1) (—E + 1) \/W> e(_ib%giac) ~ V2 7 erf (—i V2 (22 +%) <|lcc| + 1) \/H) e(_%)

le|

a(=ig+1)Vid a(is+1) Vel

lel

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a),x, algorithm="giac")
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[Out] -1/4*sqrt(2)*sqrt(pi)*erf(-1/4*sqrt(2)*(2*x + b/c)*(-Ixc/abs(c) + 1)*sqrt(a

bs(c)))*e~(-1/4*%(I*b~2 - 4xIxa*c)/c)/((-Ixc/abs(c) + 1)*sqrt(abs(c))) - 1/4
*sqrt (2) *sqrt (pi) xerf (-1/4*sqrt (2) *(2*xx + b/c)*(Ixc/abs(c) + 1)*sqrt(abs(c)
))*xe” (-1/4%(-I*¥b~2 + 4xI*axc)/c)/((Ixc/abs(c) + 1)*sqrt(abs(c)))

Mupad [B]

time = 0.06, size = 99, normalized size = 1.01

4c \/7? \/7? c

2 2

V2 /T cos (M) C —\/5 (%er) \/? \/T V2 V7 sin (“%f) S —\/5 (%Jrcz) \/}j E

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x + c*x~2),x)

[Out] (27(1/2)*pi~(1/2)*cos((4*a*c - b~2)/(4*c))*fresnelc((27(1/2)*(b/2 + cxx)*(1

/e)~(1/2))/pi~(1/2))*(1/c)~(1/2))/2 - (27 (1/2)*pi~(1/2)*sin((4*axc - b~2)/(
4xc))*fresnels ((27(1/2)*(b/2 + cxx)*(1/c)~(1/2))/pi~(1/2))*(1/c)~(1/2))/2
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+bz+cz?
cos(a xx cz?) da

34

Optimal. Leaf size=18

2
IIlt(cos (a+bx+cx ),x)

T

[Out] Unintegrable(cos(c*x~2+b*x+a)/x,x)

Rubi [A]
time = 0.01, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

steps used = 0, number of rules used = 0, integrand size = 0, number of rules _ )

integrand size
Rules used = {}

Y

dz

/ cos (a + bz + cz?)
T

Verification is not applicable to the result.
[In] Int[Cos[a + b*x + c*x~2]/x,x]
[Out] Defer[Int] [Cos[a + b*x + c*x~2]/x, x]

Rubi steps

2 2
/cos(a+2x+cx)dx:/cos(a-l—zx—l—cx)dx

Mathematica [A]
time = 3.61, size = 0, normalized size = 0.00

b 2
/cos(a-l— T + cz )dz
x
Verification is not applicable to the result.
[In] Integrate[Cos[a + b*x + c*x~2]/x,x]
[Out] Integrate[Cos[a + bxx + c*x~2]/x, x]
Maple [A]
time = 0.03, size = 0, normalized size = 0.00
2+b
/cos(cx + bz + a) d
x

Verification of antiderivative is not currently implemented for this CAS.



[In] int(cos(c*x~2+b*x+a)/x,x)

[Out] int(cos(c*x~2+b*x+a)/x,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)/x,x, algorithm="maxima")
[Out] integrate(cos(c*x™2 + b*x + a)/x, x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)/x,x, algorithm="fricas")

[Out] integral(cos(c*x~2 + b*x + a)/x, Xx)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

2
/cos(a+zx+cm )dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x**2+b*x+a)/x,x)

[Out] Integral(cos(a + b*x + cxx**2)/x, x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)/x,x, algorithm="giac")
[Out] integrate(cos(c*x~2 + b*x + a)/x, x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.06

/ cos (cz? + bz + a) s
T
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x + c*x"2)/x,x%)

[Out] int(cos(a + b*x + c*x"2)/x, x)

50
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35 f (cos(a+bx—|—cx2) n bsin(a+bx+cx2)) da

.'132 T

Optimal. Leaf size=111

_Cos(a+zx—|—c:c) chos< b2) (jjjﬁ) \FFFresnew(jfjﬁ)sm(

[Out] -cos(c*xx~2+b*x+a)/x-cos(a-1/4*b~2/c)*FresnelS(1/2* (2*c*x+b)/c”~(1/2)*2~(1/2)
/Pi~(1/2))*c~(1/2)*2"(1/2)*Pi~(1/2)-FresnelC(1/2x(2*c*xx+b)/c~(1/2)*2~(1/2)/
Pi~(1/2))*sin(a-1/4%b"2/c)*c”(1/2)*2~(1/2)*Pi~(1/2)

Rubi [A]
time = 0.06, antiderivative size = 111, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.125,

steps used = 5, number of rules used = 4, integrand size = 32
Rules used = {3547, 3528, 3432, 3433}

—V2r' /¢ sin (a—ii) FresnelC<j%2\c/wE> V2T /Z cos (a v )S(jj\i%) _ COS(a+2x+cw2)

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x + c*x~2]/x"2 + (b*Sin[a + b*x + c*x~2])/x,x]

[Out] -(Cos[a + b*x + c*x~2]/x) - Sqrtlc]l*Sqrt[2+xPi]*Cos[a - b~2/(4*c)]*FresnelS[
(b + 2xc*xx)/(Sqrt[cl*Sqrt[2+xPi])] - Sqrt[c]*Sqrt[2#Pi]*FresnelC[(b + 2*c*x)
/ (Sqrt [c]*Sqrt [2%Pi])]*Sin[a - b~2/(4%c)]

Rule 3432

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))#*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3528

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] - Dist[Sin[(b~2 - 4x*axc)/
(4%c)], Int[Cos[(b + 2%c*x)~2/(4%c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3547

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol]l :> Simp[(d + e*x)~(m + 1)*(Cos[a + b*x + c*x~2]/(ex(m + 1))), x] + (Di

bf

4
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st[(bxe - 2xc*xd)/(e”™2x(m + 1)), Int[(d + e*x)~(m + 1)*Sin[a + b*x + c*x~2],
x], x] + Dist[2%(c/(e”2x(m + 1))), Int[(d + exx)"(m + 2)*Sin[a + b*x + c*x
~2], x], x]) /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2%c*d, 0] && LtQ[m,

-1]

Rubi steps

9 . 2 . 2 2
/ cos(a-i—bx—l—cx)+bs1n(a+bx+cx) dw:b/sm(a—l—bx—l—cx)dx+/cos(a+bx+c:c)dx
x? x x x?
cos (a + bz + cz?)

- — p, — (2¢) / sin (a + bz + cz?) dz

L et e) (o (o F)) [ (©

2 2 -
=_cos(a+bx+cx)_\/Emcos(a_b_)s(i
z 4c Ve

Mathematica [A]
time = 3.12, size = 110, normalized size = 0.99

b+2cx b?

cos(a-+ a(b-+ cx) + V& Var acos (a— ) S ) + e Vo aftesnelc( b2 Ysin (a- )

T

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x + c*x72]/x"2 + (b*Sin[a + b*x + c*xx~2])/x,x]
[Out] -((Cos[a + x*x(b + c*x)] + Sqrt[c]l*Sqrt[2*Pi]*x*Cos[a - b~2/(4*c)]*FresnelS[
(b + 2%c*x)/(Sqrt[c]*Sqrt[2*xPi])] + Sqrt[cl#*Sqrt[2*Pi]*x*FresnelC[(b + 2%cx*
x)/(Sqrt[c]*Sqrt [2*xPi])]*Sin[a - b~2/(4*c)])/x)
Maple [F]
time = 0.11, size = 0, normalized size = 0.00

/ cos (cz? + bz + a) N bsin (cz? + bz + a)

x? x

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c*x~2+b*x+a)/x"2+b*sin(c*x”~2+b*x+a)/x,x)
[Out] int(cos(c*xx~2+b*x+a)/x"2+b*sin(c*x~2+b*x+a)/x,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)/x"2+b*sin(c*x~2+b*x+a)/x,x, algorithm="maxima")
[Out] integrate(b*sin(c*x~2 + b*x + a)/x + cos(c*x™2 + b*x + a)/x"2, x)

Fricas [A]
time = 0.49, size = 115, normalized size = 1.04

c ) \/5(2@:—}-1))“E c \/2_‘(2cac+b)1/E )
\/57&”; cos (—b;‘;“)s T +ﬁwx,/; C| ————" |sin <—%>+cos(cx2+bx+a)

2c 2c

x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)/x"2+b*sin(c*x~2+b*x+a)/x,x, algorithm="fricas")
[Out] -(sqrt(2)*pi*x*sqrt(c/pi)*cos(-1/4*x(b~2 - 4*a*c)/c)*fresnel_sin(1/2*sqrt(2)
*x(2xcxx + b)*sqrt(c/pi)/c) + sqrt(2)*pixx*sqrt(c/pi)*fresnel_cos(1/2*sqrt(2
)*(2xc*x + b)*sqrt(c/pi)/c)*sin(-1/4x(b"2 - 4*a*c)/c) + cos(c*x™2 + b*x + a
))/x
Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ bz sin (a + bx + cx?) + cos (a + bz + cx?)

2

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x**2+b*x+a)/x**2+b*sin(c*x**2+b*x+a)/x,x)
[Out] Integral((b*x*sin(a + b*x + cxx**2) + cos(a + b*x + c*x*%x2))/x**2, X)

Giac [F|
time = 0.00, size = 0, normalized size = 0.00

could not integrate
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)/x"2+b*sin(c*x~2+b*x+a)/x,x, algorithm="giac")
[Out] integrate(b*sin(c*x~2 + b*x + a)/x + cos(c*x™2 + b*x + a)/x"2, x)
Mupad [F]
time = 0.00, size = -1, normalized size = -0.01
/cos(c:c2 +bx+a) + bsin(cz?+bx + a)
x? x

dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x + c*x"2)/x"2 + (b*sin(a + b*x + c*x"2))/x,x)

[Out] int(cos(a + b*x + c*x~2)/x"2 + (b*sin(a + b*x + c*x"2))/x, X)
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3.6 [ 2% cos (a + bz — cx?) dz

Optimal. Leaf size=251

2 |7 b2 b—2cz n b2 b—2c m b—2cz
b \/; cos <a—|— 4C> FresnelC(—\/Em> \/; cos <a—|— 46) S(—\/E\/ﬁ) \/;FresnelC<\/E\/%

- 4c5/2 + 2c3/2 B 203/2

[Out] -1/4*b*sin(-c*x~2+b*x+a)/c”~2-1/2*x*sin(-c*xx~2+b*x+a)/c-1/8*b"2*cos(a+1/4*b~
2/c)*FresnelC(1/2*(-2*c*x+b)/c~(1/2)*2~(1/2)/Pi~(1/2))*2~(1/2)*Pi~(1/2) /c~(
5/2)+1/4*cos(a+1/4*xb"2/c)*FresnelS(1/2* (-2*xc*x+b) /c~(1/2)*2~(1/2)/Pi~(1/2))
*2°(1/2)%Pi~(1/2)/c”~(3/2)-1/4*FresnelC(1/2%(-2*%c*x+b) /c~(1/2)*2~(1/2)/Pi~ (1
/2))*sin(a+1/4*xb"2/c)*2~(1/2)*Pi~(1/2) /c~(3/2)-1/8*b"2*FresnelS (1/2* (-2*c*x

+b) /c~(1/2)*27(1/2) /Pi~(1/2) )*sin(a+1/4%b"2/c)*2~(1/2)*Pi~(1/2)/c~(5/2)

Rubi [A]
time = 0.15, antiderivative size = 251, normalized size of antiderivative = 1.00, number of

number of r1_11es — 0.375
’ integrand size ’

steps used = 8, number of rules used = 6, integrand size = 16
Rules used = {3545, 3543, 3529, 3433, 3432, 3528}

b-2cz T p2si b-2cz

= si L ) L z L T ® b-2cz
3 sin (a+ 4c> FresnelC( o JZ) V2 b? cos (a+ ,1c> FTesnelC( o \/F> 3 b?sin (a+ M) S(\/; o > ) \/2 cos (a + M) S Jevor bsin(a+bo—ca?)  wsin(a+ by — cr?)
v v — ‘ v : v _ - _ >

2c3/2 452 4ch/2 2032

Antiderivative was successfully verified.
[In] Int[x"2*Cos[a + b*x - c*x"2],x]

[Out] -1/4%(b~2+Sqrt[Pi/2]*Cos[a + b~2/(4*c)]*FresnelC[(b - 2*c*x)/(Sqrt[c]*Sqrt[
2%Pi])])/c~(5/2) + (Sqrt[Pi/2]*Cos[a + b~2/(4*c)]*FresnelS[(b - 2*c*x)/(Sqr
t[c]*Sqrt [2*xPi])])/(2%c~(3/2)) - (Sqrt[Pi/2]*FresnelC[(b - 2*c*x)/(Sqrt[c]*
Sqrt [2*Pi])]*Sin[a + b~2/(4%c)])/(2%xc~(3/2)) - (b~2+Sqrt[Pi/2]*FresnelS[(b
- 2xcxx)/(Sqrt [c]*Sqrt [2+#Pi])]*Sin[a + b~2/(4*c)])/(4*c~(5/2)) - (b*Sin[a +

bxx - c*xx72])/(4%c”2) - (x*Sin[a + b*x - c*x72])/(2%c)

Rule 3432

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol]l :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))#*FresnelS[Sqrt[2/Pil*Rt[d, 2]1*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]1))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3528

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Sin[(b + 2%c*x)~2/(4*c)], x], x] - Dist[Sin[(b~2 - 4xaxc)/
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(4%c)], Int[Cos[(b + 2*c*x)~2/(4x*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Cos[(b + 2%c*x)~2/(4*c)], x], x] + Dist[Sin[(b"2 - 4x*axc)/
(4xc)], Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b"2 - 4xaxc, 0]

Rule 3543

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sin[a + b*x + c*x~2]/(2*c)), x] + Dist[(2*c*d - bxe)/(2*c), Int[
Cosl[a + bxx + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bx*
e, 0]

Rule 3545

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"21*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol] :> Simp[e*(d + e*x)~(m - 1)*(Sin[a + b*x + c*x~2]/(2%c)), x] + (-Dist[
(bxe - 2%c*xd)/(2%c), Int[(d + exx)"(m - 1)*Cos[a + b*x + c*xx~2], x], x] - D
ist[e™2*%((m - 1)/(2%c)), Int[(d + exx)~(m - 2)*Sin[a + b*x + c*x~2], x], x]
) /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2xc*d, 0] && GtQ[m, 1]

Rubi steps

zsin(a+br —cz?) [sin(a+bz —cz?) dz b [zcos(a+ bz —cz?) a
+ +
2c 2c 2c

/$2COS(a+bIE—C$2) de = —

bsin (a + bz — cz?) avsin(a-l—bz—cas2 bzfcos(a-l-bac—cz ) dz

4c2 Ac2
Z b2 b—2cx b—2cx b2
_ \/; (a+5)s (ff) WC<WF>SIH( ) s
- 2¢3/2 2¢3/2 -
2 E b2 b—2cx b—2cz
_b \/;cos<a+4c>0< ) fcos a+4C <f\/—>
- 4cP/2? 2¢3/2

Mathematica [A]
time = 0.75, size = 164, normalized size = 0.65

—\/275(\/5?%) (ZCcos (a + Z%) — b?sin (a + %)) + \/27F‘resne10<\/’gbt72’7> (b2cos (CH— Z%) + 2csin (a+ Z%)) —2/c (b+ 2cz)sin(a + z(b — cz))

8c5/2
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Antiderivative was successfully verified.

[In] Integrate[x~2xCos[a + b*x - c*x72],x]

[Out] (-(Sqrt[2#Pi]*FresnelS[(-b + 2*c*x)/(Sqrt[c]*Sqrt[2*Pi])]*(2*c*Cos[a + b~2/
(4%c)] - b"2*Sin[a + b72/(4*c)])) + Sqrt[2#Pi]*FresnelC[(-b + 2*c*x)/(Sqrt[
cl*Sqrt [2%Pi])]*(b~2*Cos[a + b~2/(4*c)] + 2*xc*Sin[a + b72/(4*c)]) - 2xSqrt[
cl*(b + 2xcxx)*Sin[a + x*(b - c*x)])/(8%c™(5/2))

Maple [A]
time = 0.13, size = 224, normalized size = 0.89

method | result

ey VIV [ (55 e L e

°1- 2e * 4cy/ —C

z sin (—c x2 +ba:+a)

default | — 5o + 2¢
1 4ac+b [ 4ac+b2 i élac-ﬁ-b2
b24/T R erf(\/ —iC z+ = > i/ T e_¥ erf(\/ —iC z+ ib_ ) b24/T e ( )
risch ‘ 2y —1C + ‘ 2y —1C _
16c24/—ic 8ey/—ic

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(-c*x~2+b*x+a),x,method=_RETURNVERBOSE)

[Out] -1/2*x*sin(-c*x~2+b*x+a)/c+1/2%b/cx(-1/2*sin(-cxx"2+b*x+a)/c+1/4%b/cx2~(1/2
Y*Pi~(1/2)/(-c)~(1/2)*(cos((1/4*b~2+a*c)/c)*FresnelC(2°(1/2) /Pi~(1/2)/(-¢c)~
(1/2)*(-c*x+1/2%*b) )-sin((1/4%b~2+a*c) /c)*FresnelS(2°(1/2) /Pi~(1/2)/(-c)~(1/
2)*x(—cxx+1/2%b))))+1/4/c*2~(1/2)*Pi~(1/2)/(-c)~(1/2)*(cos ((1/4*b~2+a*c) /c) *
FresnelS(2°(1/2)/Pi~(1/2)/(-c)~(1/2) *(—c*x+1/2*b) )+sin((1/4*b~2+axc) /c) *Fre
snelC(27(1/2)/Pi~(1/2)/(-c)~(1/2) *(—c*x+1/2%xb)))

Maxima [C] Result contains complex when optimal does not.

time = 1.16, size = 1570, normalized size = 6.25

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(-c*x~2+b*x+a),x, algorithm="maxima")

[Out] 1/32*%(8*x(((-(I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt ((4*I*c"2xx"2 - 4*Ixbxc*x
+ Ixb~2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt(-(4*xI*xc~2*x"2 -
4xIxb*xc*x + Ixb~2)/c)) - 1))*b~2%c™3 + 4x((I + 1)*sqrt(2)*gamma(3/2, 1/4*(
4xIxc™2%x"2 - 4xI*bkcxx + I*¥b~2)/c) - (I - 1)*sqrt(2)*gamma(3/2, -1/4x*(4xIx
C"2%x"2 - 4*I*bxcxx + I*b~2)/c))*c”4)*cos(1/4%x(b"2 + 4xaxc)/c) + (((I + 1)x*
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sqrt (2) *sqrt (pi) *(erf (1/2*sqrt ((4*I*c~2xx~2 - 4*xIxbxc*x + I*b~2)/c)) - 1) -
(I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt(-(4*Ixc~2%x"2 - 4xIxb*c*x + Ixb~2)/
c)) - 1))*b"2%c™3 + 4% ((I - 1)*sqrt(2)*gamma(3/2, 1/4x(4*I*c™2*x"2 - 4*I*b*
c¥x + I*b~2)/c) - (I + 1)*sqrt(2)*gamma(3/2, -1/4*(4*I*c”2%x"2 - 4*I*b*c*x
+ Ixb~2)/c))*c”4)*sin(1/4*(b~2 + 4*axc)/c))*x~3 + 12x((((I - 1)*sqrt(2)*sqr
t(pi)*(erf (1/2*sqrt ((4*I*c~2%xx"2 - 4*xIxbxcxx + I*b~2)/c)) - 1) - (I + 1)*sq
rt(2) *sqrt (pi) * (erf (1/2xsqrt (- (4*I*c™2%x"2 — 4*xIxbxc*x + I*b~2)/c)) - 1))*b
“3%c”2 + 4x(-(I + 1)*sqrt(2)*gamma(3/2, 1/4*(4*I*c~2%x"2 - 4*I*bkc*x + I*b~
2)/c) + (I - 1)*sqrt(2)*gamma(3/2, -1/4%(4*xI*c™2%x"2 - 4*xI*bkckx + I*b~2)/c
))*bxc~3)*xcos (1/4*(b"2 + 4xaxc)/c) + ((-(I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*s
qrt ((4*Ixc~2%x"2 - 4xIxb*c*x + Ixb~2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(pi)*(
erf (1/2*sqrt (- (4*I*c™2%x"2 - 4xIxb*c*x + Ixb~2)/c)) - 1))*b~3%c™2 + 4x(-(I
- 1)*sqrt(2) *gamma (3/2, 1/4*(4xI*xc~2*%x"2 - 4*I*b*cxx + I*b~2)/c) + (I + 1)*
sqrt (2) *gamma (3/2, -1/4*(4*xI*c™2%x"2 - 4*xIxb*cxx + I*b~2)/c))*b*c~3)*sin(1/
4x (b2 + 4xa*xc)/c))*x"2 + 8*(b*xc™2%(-Ixe~(1/4*(4*xI*xc~2%x"2 - 4*I*bkckxx + Ix
b~2)/c) + Ixe”(-1/4%(4*xI*c~2%x"2 - 4xIxb*c*x + I*b~2)/c))*cos(1/4x(b"2 + 4%
axc)/c) - bxc™2%(e”(1/4%(4xIxc™2xx"2 - 4xIxbxcxx + I*b~2)/c) + e~ (-1/4*(4xI
*CT2%x"2 - 4xIxbkxckx + I*b~2)/c))*sin(1/4*x(b"2 + 4*a*c)/c))*((4xc™2*xx"2 - 4
xb*c*x + b72)/c)~(3/2) + 6x(((-(I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt ((4*I*
Cc™2xx"2 - 4*xIxb*cxx + I*xb~2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*s
qrt (-(4*I*c™2%x"2 - 4*I*b*c*x + I*b~2)/c)) - 1))*b~4*c + 4*%((I + 1)*sqrt(2)
xgamma (3/2, 1/4*(4*I*c~2%x"2 - 4xIxb*c*x + I*b~2)/c) - (I - 1)*sqrt(2)*gamm
a(3/2, -1/4x(4xIxc~2xx"2 - 4*Ixb*c*x + I*b~2)/c))*b~2xc~2)*cos(1/4%(b"2 + 4
xaxc)/c) + (((I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt((4*xI*xc™2*%x"2 - 4*I*b*cx*
x + Ixb~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt(-(4*xI*c~2*x"2
- 4xIxbxc*x + Ixb~2)/c)) - 1))*b~4*c + 4x((I - 1)*sqrt(2)*gamma(3/2, 1/4*(4
*xI*xC"2%x"2 - 4xI*bkcxx + I*b~2)/c) - (I + 1)*sqrt(2)*gamma(3/2, -1/4*(4xIx*c
“2xx72 - 4xIxbxcxx + I*b~2)/c))*b"2xc~2)*sin(1/4*%(b~2 + 4xaxc)/c))*x - ((-(
I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt((4*I*c™2xx~2 - 4*xIxbxcxx + I*b~2)/c))
- 1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2xsqrt(-(4*I*c~2%x"2 — 4xI*b*c*x +
I*¥b~2)/c)) - 1))*b"5 - 4x(-(I + 1)*sqrt(2)*gamma(3/2, 1/4%(4*I*xc™2*x"2 - 4%
I*xb*c*kx + I*b~2)/c) + (I - 1)*sqrt(2)*gamma(3/2, -1/4*(4*Ixc~2%x"2 - 4xIx*b*
c*x + Ixb~2)/c))*b~3*c)*cos(1/4*(b~2 + 4*axc)/c) - (((I + 1)*sqrt(2)*sqrt(p
i)*(erf (1/2*sqrt ((4*xI*xc~2*%x"2 - 4*I*bkcxx + I*b~"2)/c)) - 1) - (I - 1)*sqrt(
2) *sqrt (pi)* (erf (1/2*sqrt (- (4*I*c™2*xx~2 - 4*I*xbxcxx + I*b~2)/c)) - 1))*b75
- 4x(-(I - 1)*sqrt(2)*gamma(3/2, 1/4*(4*I*c"2%x"2 - 4*Ixb*c*x + I*b~2)/c) +
(I + 1)*sqrt(2)*gamma(3/2, -1/4*(4xI*xc”2%x"2 - 4*I*b*cxx + I*b~2)/c))*b~3*
c)*sin(1/4x(b~2 + 4xa*xc)/c))/(c™4x((4xc™2*x"2 - 4xb*xcxx + b~2)/c)~(3/2))
Fricas [A]
time = 0.55, size = 178, normalized size = 0.71

o o
V2 (‘frb2 cos (%) + 2mesin (%)) \/E [¢] (2(2%”7‘.) +v2 (wbzsin (%) — 2mccos (”)‘Z%)) @ S ( 2e hb) T ) + 2 (2% + be) sin (ca? — br — a)

8¢

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2*cos(-c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/8%(sqrt(2)*(pi*b~2*cos(1/4*(b~2 + 4xaxc)/c) + 2xpikxcxsin(1/4*(b~2 + 4xaxc
)/c))*sqrt(c/pi)*fresnel_cos(1/2*sqrt(2)*(2*c*x - b)*sqrt(c/pi)/c) + sqrt(2
)*(pi*b~2xsin(1/4*% (b2 + 4*axc)/c) - 2*pi*c*kcos(1/4*(b~2 + 4*axc)/c))*sqrt(
c/pi)*fresnel_sin(1/2*sqrt(2)*(2*c*x - b)*sqrt(c/pi)/c) + 2x(2xc~2*x + bxc)
*sin(c*x~2 - b*x - a))/c”3

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/x2 cos (a + bxr — cx2) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cos(-ckx**2+b*x+a),x)
[Out] Integral(x**2*cos(a + b*x - c*xx**2), Xx)

Giac [C] Result contains complex when optimal does not.
time = 0.45, size = 227, normalized size = 0.90

T (b2 c) erf( —1 22-2) (=ic41)/|¢] E(’(ﬂ ) i (R —2i ) ext (1 2 t) (1e11) /]l E(fﬁ—”'""j““")
VEVE e f el i)/ D (caia+ ) — siptiminsonsa YEVT Ot Mf< e )
—igt C| _ g+

16 ¢2 16 2

—2(c(2iz — Lb) 4 2ib)e(iertHibatia)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(-c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/16%(sqrt(2)*sqrt(pi)*(b~2 + 2*Ixc)*erf(-1/4*sqrt(2)*(2*x - b/c)*(-I*c/ab
s(c) + 1)x*sqrt(abs(c)))*e”(-1/4x(I*b"2 + 4*I*a*c)/c)/((-Ixc/abs(c) + 1)*sqr
t(abs(c))) - 2x(cx(-2*%I*x + I*b/c) - 2%Ixb)*e”(I*cxx~2 - Ixbxx - I¥a))/c”2
- 1/16%(sqrt (2) *sqrt (pi) *(b~2 - 2*Ixc)*erf(-1/4*sqrt(2)*(2*x - b/c)*(I*c/ab
s(c) + 1)x*sqrt(abs(c)))*e”(-1/4*%(-I*¥b~"2 - 4xIxa*xc)/c)/((I*c/abs(c) + 1)*sqr
t(abs(c))) - 2x(cx(2xIxx - Ixb/c) + 2xI*b)*e” (-Ixcxx"2 + Ixbxx + Ixa))/c"2

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/932 cos (—cm2 —I—bx—l—a) dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(a + b*x - c*x72),x)

[Out] int(x"2*cos(a + b*x - c*x~2), x)



99

3.7 [ zcos(a+ bz — cz?) dx

Optimal. Leaf size=124

E v b—2cz T g —b=2ex g v
b\/;cos(a+4c)F‘resnelC(\/Em) b\/;s<\/gm>Sln<a+4c)_sin(a+bx—cw2)

2c3/2 2c3/2 2c

[Out] -1/2*sin(-c*x"2+b*x+a)/c-1/4*xbxcos(a+1/4%b~2/c)*FresnelC(1/2%(-2xc*x+b)/c~(
1/2)%2°(1/2) /Pi~(1/2))*2~(1/2)*Pi~(1/2) /c~(3/2)-1/4*b*FresnelS (1/2* (-2*%c*x+
b)/c”(1/2)*%2~(1/2)/Pi~(1/2))*sin(a+1/4*b~2/c)*2~(1/2)*Pi~(1/2)/c~(3/2)

Rubi [A]
time = 0.03, antiderivative size = 124, normalized size of antiderivative = 1.00, number of

number of rules __
' integrand size 0.286,

steps used = 4, number of rules used = 4, integrand size = 14
Rules used = {3543, 3529, 3433, 3432}

z 2 b—2cx E . b2 b—2cx
_\/;”COS (a+4c)ﬁesnelc(m\/€) \/;”S““ <“+4°>S(¢E¢Tw> _sin(a+be — cz?)

2c3/? 2c3/? 2¢c

Antiderivative was successfully verified.
[In] Int[x*Cos[a + b*x - c*x"2],x]

[Out] -1/2%(b*Sqrt[Pi/2]*Cos[a + b~2/(4*c)]*FresnelC[(b - 2*c*x)/(Sqrt[c]*Sqrt [2x*
Pil)1)/c~(3/2) - (b*Sqrt[Pi/2]*FresnelS[(b - 2xc*x)/(Sqrt[c]*Sqrt[2*Pi])]*S
infa + b™2/(4%c)])/(2%c~(3/2)) - Sin[a + b*x - c*xx~2]/(2%c)

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]1))*FresnelS[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))#*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
a*c)/(4*xc)], Int[Cos[(b + 2%c*x)~2/(4*c)], x], x] + Dist[Sin[(b~2 - 4x*axc)/
(4xc)], Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3543
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Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sin[a + b*x + c*x~2]/(2*c)), x] + Dist[(2*c*d - bxe)/(2*c), Int[
Cos[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b*
e, 0]

Rubi steps

sin (a + bz — cz?) N b [ cos(a+ bz — cz?) dz

/xcos (a+ bz —cz?) dx

2c 2c
b2 (b—2czx)? . b2 )
_ _sin (a+ bz — cz?) . (bcos <a+ E)) | cos (T) dz . (bsm (a—l— @))
2c 2c

sl o() E () mes)

2c3/2 2c3/2

Mathematica [A]
time = 0.33, size = 116, normalized size = 0.94

bv2m cos (a + ) FresnelC(ﬁtj&) +bv2m S(ﬁ%) sin (a + Z%) —24/c sin(a + z(b — cz))
4c3/2

Antiderivative was successfully verified.

[In] Integrate[x*Cos[a + b*x - c*x72],x]

[Out] (b*Sqrt[2#Pi]*Cos[a + b~2/(4*c)]*FresnelC[(-b + 2*c*x)/(Sqrt[c]*Sqrt[2*Pi])
] + b*Sqrt[2*Pi]*#FresnelS[(-b + 2x*c*x)/(Sqrt[c]*Sqrt[2*Pi])]*Sin[a + b~2/(4

xc)] - 2xSqrt[cl*Sinf[a + x*(b - c*x)])/(4%c~(3/2))

Maple [A]

time = 0.07, size = 110, normalized size = 0.89

method | result size
b\/g \/7? (COS<%W> Fresnelc(\/? (- CzJﬁ)) <T+ac>s(\/§ (C””*%)))
b\/_ i 4aC:rb erf( /__,l:c w—i—“’) b\/— i 4acc+b ) o <_\/,E o ib. >
risch : 2y —1C 2\/7? __ sin(—ca®+bz+a) 190
8cy/—ic ser/ic 2

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(x*cos(-c*x~2+b*x+a),x,method=_RETURNVERBOSE)

[Out] -1/2*sin(-c*x~2+b*x+a)/c+1/4%xb/c*x2~(1/2)*Pi~(1/2)/(-c)~(1/2)*(cos((1/4xb~2+
axc)/c)*FresnelC(2~(1/2)/Pi~(1/2)/(-c)~(1/2)*(—c*x+1/2%b))-sin((1/4*b~2+a*xc
)/c)*FresnelS(2°(1/2)/Pi~(1/2)/(-c)~(1/2)*(-c*x+1/2%b)))

Maxima [C] Result contains complex when optimal does not.
time = 0.78, size = 580, normalized size = 4.68

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(-c*x~2+b*x+a),x, algorithm="maxima")

[Out] -1/16%((-(I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt((4*I*c~2%x"2 - 4xIxb*c*x +
I¥b~2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf (1/2xsqrt(-(4*xI*c™2*x"2 - 4%
I*b*c*x + I*b~2)/c)) - 1))*b~2*cos(1/4*(b~2 + 4*a*xc)/c) + ((I + 1)*sqrt(2)*
sqrt (pi)*(erf (1/2*sqrt ((4*I*c~2*x"2 - 4xI*b*c*x + I*¥b"2)/c)) - 1) - (I - 1)
xsqrt (2) *sqrt (pi)*(erf (1/2xsqrt (- (4*I*c~2*x"2 - 4xI*b*c*x + I*b~2)/c)) - 1)
)*b~2*%sin(1/4%(b~2 + 4*axc)/c) - 2x((-(I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqr
t ((4%I*c™2%x72 - 4xIxbxcxx + I*b~2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(er
f(1/2xsqrt (- (4*I*c™2xx"2 - 4*xIxbxc*x + I*b~2)/c)) - 1))*bxcxcos(1/4*(b"2 +
4xaxc)/c) + ((I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt((4*I*c~2%x"2 — 4*I*b*c*
x + Ixb~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt(-(4*xI*c~2*x"2
- 4xIxb*c*x + Ix*b~2)/c)) - 1))*bxc*sin(1/4x(b~2 + 4*a*xc)/c))*x - 4*(cx(-Ixe
“(1/4x(4%Ixc™2%x"2 - 4xIxb*c*x + Ixb~2)/c) + Ixe”(-1/4x(4*xIxc™2%x"2 - 4xI*b
xcxx + I*b~2)/c))*cos(1/4x(b"2 + 4xaxc)/c) - c*(e”(1/4x(4xIxc™2%x"2 - 4xI*b
xc*¥x + I*¥b72)/c) + e”(-1/4*(4*I*c™2%x"2 - 4xI*b*cxx + I*b~2)/c))*sin(1/4*(b
"2 + 4xaxc)/c))*sqrt((4xc™2*%x"2 - 4xb*c*x + b72)/c))/(c"2*sqrt ((4*c™2%x"2 -
4xbxcxx + b"2)/c))

Fricas [A]
time = 0.49, size = 125, normalized size = 1.01

c \/2ﬁ(2c:c—b)1/E c \/5‘(20-7”_1’)\/E R
V2 7by [~ cos (b“;‘;“)c T 1 +vV27b/= 8 T_ | sin (b JZMC) + 2csin (cz? — bz — a)
m m

2c 2c c

4c?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(-c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/4*(sqrt(2)*pixbxsqrt(c/pi)*cos(1/4*(b~2 + 4*axc)/c)*fresnel_cos(1/2*sqrt(
2)*(2xc*x - b)*sqrt(c/pi)/c) + sqrt(2)*pi*b*sqrt(c/pi)*fresnel_sin(1/2*sqrt
(2)*x(2xc*x - b)*sqrt(c/pi)/c)*sin(1/4*(b~2 + 4*axc)/c) + 2*c*ksin(c*x"2 - b*

x - a))/c"2
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Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/xcos (a+ bz — cz?) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(-c*x**2+b*x+a),x)
[Out] Integral(x*cos(a + b*x - c*x**2), Xx)

Giac [C] Result contains complex when optimal does not.
time = 0.48, size = 183, normalized size = 1.48

VEVEbet(4VE (o) ) VDTS VE VR eV et () VI )
+ 24 elica—ibo—ia
(~i+1) /el B (i+1) V¢l

8c 8c

_ 9 e(-ica®+ibatia)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(-c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/8*(sqrt(2)*sqrt(pi)*b*erf (-1/4*sqrt(2)*(2*x - b/c)*(-I*c/abs(c) + 1)*sqr

t(abs(c)))*e”(-1/4x(I*b~2 + 4*Ixaxc)/c)/((-I*c/abs(c) + 1)*sqrt(abs(c))) +
2xIxe~ (Ixcxx"2 - Ixbxx - I*a))/c - 1/8%(sqrt(2)*sqrt(pi)*b*erf(-1/4*sqrt(2)
*(2*x - b/c)*(Ixc/abs(c) + 1)xsqrt(abs(c)))*e”(-1/4x(-I*¥b"2 - 4xI*a*c)/c)/(
(I*c/abs(c) + 1)*sqrt(abs(c))) - 2*Ixe~(-Ixc*x~2 + Ixb*x + I*a))/c

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/w Cos (—cw2 + bx-l—a) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + b*x - c*x~2),x)

[Out] int(x*cos(a + b*x - c*x~2), x)
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3.8 [ cos (a+ bz — cz?) dx

Optimal. Leaf size=99

Z b2 b—2czx Z b—2cx : v
_\/;cos<a+4c)FresnelC(\/Em) \/;S<\/C_\/§)sm<a+4c>

Ve Ve

[Out] -1/2*cos(a+1/4*b"2/c)*FresnelC(1/2*(-2xcxx+b)/c~(1/2)*2~(1/2)/Pi~(1/2))*2~(
1/2)*Pi~(1/2)/c~(1/2)-1/2*FresnelS(1/2*(-2*c*x+b) /c~(1/2)*2~(1/2) /Pi~(1/2))
xsin(a+1/4%b~2/c)*2~(1/2)*Pi~(1/2)/c~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 99, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.250,

steps used = 3, number of rules used = 3, integrand size = 12
Rules used = {3529, 3433, 3432}

E b2 b—2cz E : b2 b—2cx
_\/;cos <a+4c> FresnelC(m\/g) \/;szm (a+4C>S<—\/E\/§)

Ve Ve

Antiderivative was successfully verified.

[In] Int[Cos[a + b*x - c*x~2],x]

[Out] -((Sqrt[Pi/2]*Cos[a + b~2/(4*c)]*FresnelC[(b - 2*c*x)/(Sqrt[c]*Sqrt[2*Pi])]
)/Sqrt[c]) - (Sqrt[Pi/2]*FresnelS[(b - 2*c*x)/(Sqrt[c]*Sqrt[2*Pi])]*Sin[a +
b~2/(4%c)]) /Sqrt [c]

Rule 3432

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))#*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Cos[(b + 2*c*x)~2/(4*c)], x], x] + Dist[Sin[(b"2 - 4x*axc)/
(4%c)], Int[Sin[(b + 2xc*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rubi steps
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/cos(a+bm—c:v dx_cos< ) COS(W) dx+sin(a+i—i>/sin(%) dz
Vil Delie) i o() o)

Ve

Mathematica [A]
time = 0.19, size = 88, normalized size = 0.89

\/? (cos (a + Z—Z) FresnelC (\/Eb;\;\/c;?) + S(ﬁ) sin <a + %))

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x - c*x72],x]
[Out] (Sqrt[Pi/2]*(Cos[a + b~2/(4*c)]*FresnelC[(-b + 2*c*x)/(Sqrt[c]*Sqrt[2*Pi])]
+ FresnelS[(-b + 2xcx*x)/(Sqrt[c]*Sqrt[2+Pi])]*Sin[a + b~2/(4*c)]))/Sqrt[c]

Maple [A]
time = 0.06, size = 88, normalized size = 0.89

method | result size

Vol ((%) Hesnelc(\\//z(\;’f—c)) (THC)S(\\//?F(;;%))) 88

default =

i(4ac+b2)

i(4ac+b2
\/Fe_(%:bi) erf<\/ —iC o+ ib_ > \/FeT erf(—\/i? T+ ib. >
risch ‘ 2/ —ic ) 2v/ic. 05
44/ —1ic ic

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(-c*x~2+b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/2x2~(1/2)*Pi~(1/2)/(-c)~(1/2)*(cos((1/4*b~2+a*c)/c)*FresnelC(2"(1/2)/Pi~(
1/2)/(-c)~(1/2)*(-c*x+1/2%b) )-sin((1/4*b~2+ax*xc) /c) *FresnelS(2~(1/2) /Pi~(1/2

)/ (-c)~(1/2) *(-c*x+1/2%b)))

Maxima [C] Result contains complex when optimal does not.
time = 0.30, size = 112, normalized size = 1.13

V2 /r ((—(z —1) cos (%) + (i+1) sin (%)) erf <21L\/Z%b> + (—(z +1) cos (%) + (i — 1) sin (%)) erf (;\’7_‘%))
8Vc
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x~2+b*x+a),x, algorithm="maxima")

[Out] 1/8*sqrt(2)*sqrt(pi)*((-(I - 1)*cos(1/4*(b~2 + 4*a*xc)/c) + (I + 1)*sin(1/4x*
(b~2 + 4x*axc)/c))xerf (1/2%(2*I*cxx - I*b)/sqrt(I*c)) + (-(I + 1)*cos(1/4*(b
“2 + 4xaxc)/c) + (I - 1)*sin(1/4*(b"2 + 4xa*c)/c))*erf(1/2%(2xI*c*x - Ixb)/

sqrt (-I*c)))/sqrt(c)

Fricas [A]
time = 0.47, size = 106, normalized size = 1.07

C C

. . V2 @co—b)y/— . V2 @eo—t)y | — ]

\/57'(\,— cos (%)C 2¢ T +ﬁﬁ1/— S o T sin (l%i@c)
™ ™

2c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x"2+bxx+a),x, algorithm="fricas")

[Out] 1/2*(sqrt(2)*pi*sqrt(c/pi)*cos(1/4*(b~2 + 4*axc)/c)*fresnel cos(1/2*sqrt(2)
*x(2xcxx — b)*sqrt(c/pi)/c) + sqrt(2)*pixsqrt(c/pi)*fresnel_sin(1/2*sqrt(2)*
(2xc*x - b)*sqrt(c/pi)/c)*sin(1/4*(b~2 + 4*axc)/c))/c

Sympy [A]
time = 0.29, size = 94, normalized size = 0.95

V2 VT —% (—sin (a+%>5(%) + cos (a-l—fl—i)C(—;/\/EF(i}z_ic)))
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x**2+bxx+a),x)
[Out] sqrt(2)*sqrt(pi)*sqrt(-1/c)*(-sin(a + b**2/(4*c))*fresnels(sqrt(2)*(b - 2xc
*xx)/(2*%sqrt (pi)*sqrt(-c))) + cos(a + b*x2/(4xc))*fresnelc(sqrt(2)*(b - 2%cx*

x)/ (2xsqrt (pi)*sqrt(-c))))/2

Giac [C] Result contains complex when optimal does not.
time = 0.44, size = 137, normalized size = 1.38

—ib?—diac
1

VE VA at (1VE (2o =) (<5 + 1) Vi) o) VEVRat(=3vERe=Y) (5 +1) Vi) 7

lel

a(=+1)Vid a(ig+1) Vil

fel

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x~2+b*x+a),x, algorithm="giac")
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[Out] -1/4*sqrt(2)*sqrt(pi)*erf(-1/4*sqrt(2)*(2*x - b/c)*(-Ixc/abs(c) + 1)*sqrt(a
bs(c)))*e~(-1/4*%(I*b~2 + 4xIxa*c)/c)/((-Ixc/abs(c) + 1)*sqrt(abs(c))) - 1/4

*xsqrt (2) *sqrt (pi) xerf (-1/4*sqrt (2) *(2*xx - b/c)*(Ixc/abs(c) + 1)*sqrt(abs(c)

))*e” (-1/4%(-I*¥b~2 - 4xI*axc)/c)/((Ixc/abs(c) + 1)*sqrt(abs(c)))

Mupad [B]
time = 0.05, size = 105, normalized size = 1.06

ﬁﬁc(mg;g\g) cos (23206 |- ﬁﬁs(m'g;’gﬁ) an (420) -1

2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x - c*x~2),x)

[Out] (27(1/2)*pi~(1/2)*fresnelc((27(1/2)*(b/2 - c*x)*(-1/c)~(1/2))/pi~(1/2))*cos
((4xaxc + b~2)/(4xc))*(-1/c)~(1/2))/2 - (27(1/2)*pi~(1/2)*fresnels((27(1/2)

*(b/2 - cxx)*(-1/c)~(1/2))/pi~(1/2)) *sin((4*a*xc + b~2)/(4*c))*(-1/c)~(1/2))

/2
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+bz—cz?
cos(a wx cz?) da

39 [

Optimal. Leaf size=19

Int (cos (a+ bz — cz?) | x)
x
[Out] Unintegrable(cos(-c*x~2+b*x+a)/x,x)

Rubi [A]
time = 0.01, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

steps used = 0, number of rules used = 0, integrand size = 0, number of rules _ ) o

integrand size
Rules used = {}

Y

2
/cos(a—l—za: cx)dx

Verification is not applicable to the result.
[In] Int[Cos[a + b*x - c*x~2]/x,x]

[Out] Defer[Int] [Cos[a + b*x - c*xx~2]/x, x]
Rubi steps

/cos(a+bx—c:c2) dw_/cos(a—i—bx—ca?) e

T T

Mathematica [A]
time = 3.38, size = 0, normalized size = 0.00

/cos (a + bx — cz?) p

i
T

Verification is not applicable to the result.

[In] Integrate[Cos[a + b*x - c*x~2]/x,x]
[Out] Integrate[Cos[a + b*xx - c*x~2]/x, x]
Maple [A]

time = 0.03, size = 0, normalized size = 0.00

.2
/cos( cz +bx—|—a)dx

T

Verification of antiderivative is not currently implemented for this CAS.



[In] int(cos(-c*xx~2+b*x+a)/x,x)

[Out] int(cos(-c*x~2+b*x+a)/x,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x"2+b*x+a)/x,x, algorithm="maxima")
[Out] integrate(cos(c*x”2 - b*x - a)/x, x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x~2+b*x+a)/x,x, algorithm="fricas")
[Out] integral(cos(c*x"2 - b*x - a)/x, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

/ cos (a + bz — cz?) I

T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x**2+bxx+a)/x,X)

[Out] Integral(cos(a + b*x - c*xx**2)/x, x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x~2+b*x+a)/x,x, algorithm="giac")
[Out] integrate(cos(-c*x”2 + b*x + a)/x, x)

Mupad [A]

time = 0.00, size = -1, normalized size = -0.05
2
/cos( cz’+bx+a) i

x

68



Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x - c*x"2)/x%,x%)

[Out] int(cos(a + b*x - c*x"2)/x, x)

69
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:r;2 T

cos (a+bz—cx? bsin (a+bx—cx?
310 [ (= ) 4 boinl ) da
Optimal. Leaf size=111

e o1 ) (S ) o Y

[Out] -cos(-c*x~2+b*x+a)/x+cos(a+1/4*xb~2/c)*FresnelS (1/2*(-2*c*x+b)/c~(1/2)*2~(1/
2)/Pi~(1/2))*c~(1/2)*2~(1/2)*Pi~(1/2) -FresnelC(1/2* (-2*c*x+b) /c~(1/2)*2~(1/
2)/Pi~(1/2))*sin(a+1/4%b~2/c)*c”(1/2)*2~(1/2)*Pi~(1/2)

Rubi [A]
time = 0.06, antiderivative size = 111, normalized size of antiderivative = 1.00, number of

number of rules
' integrand size = 0.118,

steps used = 5, number of rules used = 4, integrand size = 34
Rules used = {3547, 3528, 3432, 3433}

—M\/Esin<a+i)ﬁesnelc<%2\‘2)+m\/gcos<a+b) (}%)_COS(Hzx—cﬁ)

Antiderivative was successfully verified.
[In] Int[Cos[a + b*x - c*x~2]/x"2 + (b*Sin[a + b*x - c*xx~2])/x,x]

[Out] -(Cos[a + b*x - c*x~2]/x) + Sqrtlc]l*Sqrt[2+xPi]*Cos[a + b~2/(4*c)]*FresnelS[
(b - 2*c*x)/(Sqrt[c]*Sqrt[2*xPi])] - Sqrt[cl*Sqrt[2*Pi]*FresnelC[(b - 2*c*x)
/(Sqrt [c]*Sqrt [2*Pi])]*Sin[a + b~2/(4*c)]

Rule 3432

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))#*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3528

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] - Dist[Sin[(b~2 - 4x*axc)/
(4%c)], Int[Cos[(b + 2%c*x)~2/(4%c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3547

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol]l :> Simp[(d + e*x)~(m + 1)*(Cos[a + b*x + c*x~2]/(ex(m + 1))), x] + (Di
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st[(bxe - 2xc*d)/(e™2x(m + 1)), Int[(d + e*x)~(m + 1)*Sin[a + b*x + c*x~2],
x], x] + Dist[2%(c/(e”2x(m + 1))), Int[(d + exx)"(m + 2)*Sin[a + b*x + c*x
~2], x], x]) /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*xe - 2%c*d, 0] && LtQ[m,

-1]

Rubi steps

— cx? i — ey2 ; o2 2
/ cos (a + bx cx)+b51n(a+bx cx?) dw:b/sm(a—l—bx cm)d$+/cos(a+bz cx)dx
x? x x z?
2
— 98 (a—l—Zx c’) + (2c)/sin (a+ bz — cz®) dx

Lt =) (3 (o)) fan(!

:_cos(a—i-b:IJ—CfL‘2) +\/E\/§cos <a+g)5(—b
\/

T 4c

Mathematica [A]
time = 3.98, size = 114, normalized size = 1.03

_COS(“+";(I’_C‘”)) — \/C V21 cos <a+ Z) S(\}%ﬁ) + \/E\/2?Fresnel(]<\_/;-|\_/z%c) sin <a+ Zi)

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x - c*x72]/x"2 + (b*Sin[a + b*x - c*xx~2])/x,x]
[Out] -(Cos[a + x*(b - c*x)]/x) - Sqrt[c]l*Sqrt[2*xPi]*Cos[a + b~2/(4*c)]*FresnelS[
(-b + 2x%c*x)/(Sqrt[c]*Sqrt[2*Pi])] + Sqrt[c]l*Sqrt[2*Pi]*FresnelC[(-b + 2xc*
x)/(8qrt [c]*Sqrt [2#Pi])]1*Sin[a + b~2/(4*c)]
Mabple [F]
time = 0.12, size = 0, normalized size = 0.00

/ cos (—cz? + bz + a) N bsin (—cz? + bz + a)

x? x

dz

Verification of antiderivative is not currently implemented for this CAS.
[In] int(cos(-c*xx~2+b*x+a)/x"2+b*sin(-c*x~2+b*x+a)/x,x)

[Out] int(cos(-c*x~2+b*x+a)/x"2+b*sin(-c*x~2+b*x+a)/x,x)

Maxima [F]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x~2+b*x+a)/x"2+b*sin(-c*xx~2+b*x+a)/x,x, algorithm="maxima"
)

[Out] integrate(-b*sin(c*x"2 - b*x - a)/x + cos(c*x™2 - b*x - a)/x"2, x)

Fricas [A]
time = 0.44, size = 123, normalized size = 1.11

c ﬁ(Qcm—b)‘ / E c \/5(261—1})1 / E
V2 mzy /= cos <b2ﬁ“> S T | -V2nzy/= C T_ | sin (52:4@) + cos (cz? — bz — a)
m m

2c 2c c

x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x~2+b*x+a)/x"2+b*sin(-c*xx~2+b*x+a)/x,x, algorithm="fricas"

)

[Out] -(sqrt(2)*pi*x*sqrt(c/pi)*cos(1/4*(b~2 + 4xaxc)/c)*fresnel_sin(1/2*sqrt(2)x*
(2xc*x - b)*sqrt(c/pi)/c) - sqrt(2)*pi*x*sqrt(c/pi)*fresnel_cos(1/2*sqrt(2)
*x(2xcxx — b)*sqrt(c/pi)/c)*sin(1/4x(b"2 + 4*a*xc)/c) + cos(c*x™2 - b*x - a))

/x

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

dz

/ bz sin (a + br — cz?) + cos (a + bz — cz?)
.,L.Z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x**2+bxx+a)/x**2+b*sin(-c*x**2+b*x+a)/x,x)
[Out] Integral((b*x*sin(a + b*x - c*xx**2) + cos(a + b*x - c*x**2))/x**2, X)
Giac [F|

time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x~2+b*x+a)/x"~2+b*sin(-c*x~2+b*x+a)/x,x, algorithm="giac")
[Out] integrate(b*sin(-c*x~2 + b*x + a)/x + cos(-c*x"2 + b*x + a)/x"2, x)
Mupad [F]

time = 0.00, size = -1, normalized size = -0.01

/cos(—cxi;l—bx+a) N b sin(—ca:;+ bz +a) i




Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x - c*x"2)/x"2 + (b*sin(a + b*x - c*x"2))/x,x)

[Out] int(cos(a + b*x - c*x"2)/x"2 + (b*sin(a + b*x - c*x"2))/x, X)

73



74

3.11 [ x? cos (% +z+2%) do

Optimal. Leaf size=82

1 1+2 1 1+2 1 1 1 1
11/% FresnelC( jﬁx>_§’/g S(%)—Z—lsin <Z+x+x2)+§xsin (Z+z+x2)

[Out] -1/4*sin(1/4+x+x"2)+1/2*x*sin(1/4+x+x"2)+1/8*FresnelC(1/2%(1+2*xx)*2~(1/2)/P
i~(1/2))*2°(1/2)*Pi~(1/2)-1/4*FresnelS(1/2x (1+2*x)*2~(1/2)/Pi~(1/2))*2~(1/2
)*Pi~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 82, normalized size of antiderivative = 1.00, number of

number of rules _ ( 469
integrand size ’

steps used = 6, number of rules used = 6, integrand size = 13,
Rules used = {3545, 3543, 3527, 3433, 3526, 3432}

L T FresnelC Zerly 1 Ts o+l —l—lxsin 302-|-ac-|-1 —lsin ar:z—i-alc—i-1
4\ 2 om 2V 2 °\ vaor 2 4) 4 4
Antiderivative was successfully verified.

[In] Int[x"2*Cos[1/4 + x + x~2],x]

[Out] (Sqrt[Pi/2]*FresnelC[(1 + 2*x)/Sqrt[2*Pi]])/4 - (Sqrt[Pi/2]*FresnelS[(1 + 2
*x)/Sqrt [2*xPi]])/2 - Sin[1/4 + x + x72]/4 + (x*Sin[1/4 + x + x72])/2

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, £}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3526

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Sin[(b + 2*c*x
)~2/(4xc)], x] /; FreeQ[{a, b, c}, x] && EqQ[b~2 - 4*axc, 0]

Rule 3527
Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Cos[(b + 2%c*x

)~2/(4%c)], x] /; FreeQ[{a, b, c}, x] && EqQ[b~2 - 4x*axc, 0]

Rule 3543
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Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[e*(Sin[a + b*x + c*xx72]/(2%c)), x] + Dist[(2%c*d - bxe)/(2%c), Int[
Cos[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - Dbx*
e, 0]

Rule 3545

Int[Cos[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"21*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol] :> Simp[ex(d + exx)"(m - 1)*(Sin[a + b*x + c*x~2]/(2*c)), x] + (-Dist[
(bxe - 2%cxd)/(2*c), Int[(d + e*x)"(m - 1)*Cos[a + b*x + c*x~2], x], x] - D
ist[e™2*%((m - 1)/(2%c)), Int[(d + exx)"(m - 2)*Sin[a + b*x + c*x~2], x], x]
) /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2xc*d, 0] && GtQ[m, 1]

Rubi steps

/w2cos<1—|—x—|—x> ——msm( —|—x—|—w2> 1/mcos<l+x—|—:r2) dx—l/sin(l—l—x—l—x;
4 2 4 2 4 /
1 1 9 1 1 1 1 9
= 4_1 <Z+x+x)+§zsm(4+x+m>+Z/cos<1+m+x)dx—
1 1+ 2z 1 . 1 9 1 . 1 9 1

2 <\/ﬁ>—181n<1+x+x>+§x51n(1+w+x>+:l/c
1

S
_1 T + 2x 1 /= 1+ 2z 1 . 1 9 1 . 1
_4”2C<\/ﬁ> 21/25(\/%) 481n(4+a:+z)—|—2:csm(4

B |

Mathematica [A]
time = 0.15, size = 67, normalized size = 0.82

é<mﬁesnelc<l\}l—§x>_2<\/§S(1\}|—%¢E>+(1_2x)sin(i+x+w2>))

Antiderivative was successfully verified.

[In] Integrate[x~2xCos[1/4 + x + x72],x]

[Out] (Sqrt[2+Pi]*FresnelC[(1 + 2xx)/Sqrt[2*Pi]] - 2%(Sqrt[2*Pi]*FresnelS[(1 + 2%
x)/Sqrt[2*Pi]] + (1 - 2*x)*Sin[1/4 + x + x72]))/8

Maple [A]
time = 0.12, size = 59, normalized size = 0.72

’ method ‘ result
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V2 /T FresnelC(\/M) V2 \/775(\/3(;"1’))

x sin(l—l—x-l—mz) sin(l—i—w—l—x?) VT
default 4 — ' 5 — N
AT (—1)3erf<(—1)411z+(‘§>71‘> (—1) /T erf<(—1)éllz+(_;)i> v erf<\/—’i z—z\/'_i> in/T erf
isch _ _ —
e 1 ? i 16y i

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(1/4+x+x"2),x,method=_RETURNVERBOSE)

[Out] 1/2*x*sin(1/4+x+x"2)-1/4*sin(1/4+x+x~2)+1/8%2~(1/2)*Pi~(1/2)*FresnelC(2~(1/
2)/Pi~(1/2)*(x+1/2))-1/4%2~(1/2)*Pi~ (1/2) *FresnelS(2~(1/2) /Pi~(1/2) *(x+1/2)
)

Maxima [C] Result contains complex when optimal does not.
time = 0.62, size = 160, normalized size = 1.95

—
1

160 (—ielie it jeliied)) 4 VT T az +1 <(zf ) VZ VT (erf (vflxl+zz+%z ) 4) —(+1) V2T (eu (vtzﬁfuf?
2Ec+1)

) - 1) —(4i+4) V2T (}i2® +iz+ 1) + (4 —4) V2T (},—ia? —iz— 51)) — gieliz+iztii) 4 gjel~ixt~iz=ii)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(1/4+x+x~2),x, algorithm="maxima")

[Out] -1/32%x(16*x*(-I*e~(I*x~2 + I*x + 1/4%I) + I*e”(-I*x"2 - I*x - 1/4%I)) + sqr
t(4%x72 + 4xx + 1)*x((I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(I*x~2 + Ixx + 1/4%I)

) = 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(-I*x~2 - I*x - 1/4%I)) - 1) - (

4xI + 4)*sqrt(2)*gamma(3/2, I*x~2 + I*x + 1/4xI) + (4*I - 4)*sqrt(2)*gamma(

3/2, -I*x"2 - I*x - 1/4%I)) - 8*I*e~(I*x"2 + I*x + 1/4%I) + 8*I*e”~(-I*x"2 -

Ixx - 1/4%I))/(2*x + 1)

Fricas [A]

time = 0.42, size = 59, normalized size = 0.72

1 V2 (2z4+1)\ 1 V2 (2z+1)| 1 a 1
gﬁﬁ0<7>—Z\/E\/’FS<T>+Z(2!E—1)SH}($+.’E+Z>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(1/4+x+x~2),x, algorithm="fricas")

[Out] 1/8*sqrt(2)*sqrt(pi)*fresnel_cos(1/2*sqrt(2)*(2*x + 1)/sqrt(pi)) - 1/4*sqrt
(2)*sqrt (pi)*fresnel_sin(1/2*sqrt(2)*(2xx + 1)/sqrt(pi)) + 1/4*%(2%x - 1)*si
n(x"2 + x + 1/4)

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/x2cos <x2+x+1> dz



(s

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cos(1/4+x+x**2),x)
[Out] Integral(x**2*cos(x**2 + x + 1/4), x)

Giac [C] Result contains complex when optimal does not.
time = 0.46, size = 75, normalized size = 0.91

(%z 7) V2 /et (( i— Z) V2 (2 + 1)) <32 ) fﬁerf( ( ) ﬂ(2z+1)> +é(—2ix+i)e(”2+”+i") +é(2iz—i)e<‘”2‘”‘%i)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(1/4+x+x~2),x, algorithm="giac")

[Out] -(3/32*%I - 1/32)*sqrt(2)*sqrt(pi)*erf((1/4*I - 1/4)*sqrt(2)*(2*x + 1)) + (3
/32xI + 1/32)*sqrt(2)*sqrt(pi)*erf (-(1/4*I + 1/4)*sqrt(2)*(2*x + 1)) + 1/8%
(—2xI*xx + I)*e~(I*x"2 + Ikx + 1/4%I) + 1/8%(2%I*x - I)*e~(-I*x"2 - I*x - 1/
4xT)
Mupad [B]
time = 0.10, size = 64, normalized size = 0.78

V2 @211 V2 @211
zsin(2?+z+3) sin(z?+z+3) ffC( 2/ ffS Y.
2 - 4 * 8 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(x + x~2 + 1/4),x%)

[Out] (x*sin(x + x72 + 1/4))/2 - sin(x + x72 + 1/4)/4 + (27(1/2)*pi~(1/2)*fresnel
c((27(1/2)*(2xx + 1))/ (2%pi~(1/2))))/8 - (27(1/2)*pi~(1/2)*fresnels((27(1/2
Yx(2%x + 1))/ (2%pi~(1/2))))/4
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3.12 [ z cos (i + 4+ x2) dx

Optimal. Leaf size=41

1 1+2 1 1
—5 /g FresnelC( +277x) + Esin (Z +x +x2)

[Out] 1/2*sin(1/4+x+x"2)-1/4%FresnelC(1/2*(1+2xx)*2~(1/2)/Pi~(1/2))*2~(1/2)*Pi~(1
/2)

Rubi [A]
time = 0.01, antiderivative size = 41, normalized size of antiderivative = 1.00, number of

number of rules _ 973
integrand size ’

steps used = 3, number of rules used = 3, integrand size = 11,
Rules used = {3543, 3527, 3433}

1 1 1 2x +1
Esin (x2 +x+ Z) — 5,/% FresnelC( thr )
Antiderivative was successfully verified.
[In] Int[x*Cos[1/4 + x + x~2],x]
[Out] -1/2%(Sqrt[Pi/2]*FresnelC[(1 + 2*x)/Sqrt[2*Pi]]) + Sin[1/4 + x + x~2]/2

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3527

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Cos[(b + 2*c*x
)~2/(4xc)], x] /; FreeQ[{a, b, c}, x] && EqQ[b~2 - 4*axc, 0]

Rule 3543

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sin[a + b*x + c*x~2]/(2*c)), x] + Dist[(2*c*d - bxe)/(2*c), Int[
Cosl[a + bxx + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bx*
e, 0]

Rubi steps
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Mathematica [A]
time = 0.06, size = 39, normalized size = 0.95

1 14+ 2x 1
— —v2m FresnelC( ) + 2sin (— +x +z2))
4( Vo 4

Antiderivative was successfully verified.

[In] Integrate[x*Cos[1/4 + x + x72],x]
[Out] (-(Sqrt[2#Pi]*FresnelC[(1 + 2xx)/Sqrt[2xPil]) + 2xSin[1/4 + x + x72])/4

Maple [A]
time = 0.06, size = 30, normalized size = 0.73

method | result size
\/E \/7T FresnelC (x/%/(i+%) )
sin(l+z+m2) ™
default 5 — 1 30
\/7? (—1)% erf((—l)?lix-i-(_;)le) \/F erf<\/ —1 z— \/Z__> sin<(1+zw)2)
risch — 2 LIRS 58
? Wi ?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(1/4+x+x"2),x,method=_RETURNVERBOSE)
[Out] 1/2*sin(1/4+x+x"2)-1/4%2~(1/2)*Pi~(1/2)*FresnelC(2°(1/2)/Pi~(1/2)*(x+1/2))

Maxima [C] Result contains complex when optimal does not.
time = 0.56, size = 126, normalized size = 3.07

, , 1 1 )
Sz(—ie(”‘““%” +ie("11’”’%’)) +Vaz? 4z +1 ((i ERZRY (erf (,/m +izt i ) - 1) —(i+1) V2T (erf (,/412 —iw— i ) - 1)) — dieliz®+iztii) 4 g g(-iz*—io—3i)

162z +1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(1/4+x+x"2),x, algorithm="maxima")
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[Out] 1/16%(8xx*(-I*e~(I*x"2 + I*x + 1/4xI) + Ixe”(-I*x"2 - I*x - 1/4%I)) + sqrt(
4xx~2 + 4xx + 1)*x((I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(I*x~2 + Ixx + 1/4%I))

- 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(-I*x~2 - Ixx - 1/4xI)) - 1)) - 4x
Ixe”(I*x"2 + I*x + 1/4%I) + 4xIxe” (-I*x"2 - I*x - 1/4%I))/(2%x + 1)

Fricas [A]

time = 0.43, size = 32, normalized size = 0.78

V2 2z+1)\ 1 . [, 1
__ffC< Vo >+§sm(x +x+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(1/4+x+x~2),x, algorithm="fricas")
[Out] -1/4*sqrt(2)*sqrt(pi)*fresnel_cos(1/2*sqrt(2)*(2*x + 1)/sqrt(pi)) + 1/2+*sin
(x72 + x + 1/4)

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 155 vs.
2(39) = T78.
time = 0.68, size = 155, normalized size = 3.78

ffxC(?f;— %)F(}i)ij\/ﬁzC(;/\/iugyﬁ) sm(( fg)) (i)_ﬁ\/FC(‘ff( 2\\//??)1“(%)

NS
~—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(1/4+x+x**2),x)

[Out] -sqrt(2)*sqrt(pi)*x*fresnelc(sqrt(2)*x/sqrt(pi) + sqrt(2)/(2*sqrt(pi)))*gam
ma(1/4)/(8*gamma(5/4)) + sqrt(2)*sqrt(pi)*x*xfresnelc(sqrt(2)*x/sqrt(pi) + s
qrt(2)/(2*sqrt(pi)))/2 + sin((x + 1/2)**2)*gamma(1/4)/(8*gamma(5/4)) - sqrt
(2)*sqrt(pi) *fresnelc(sqrt(2)*x/sqrt(pi) + sqrt(2)/(2*sqrt(pi)))*gamma(1/4)

/ (16+gamma (5/4))

Giac [C] Result contains complex when optimal does not.
time = 0.47, size = 65, normalized size = 1.59

1,

(116 >fferf<<z—7> f(uﬂ))( %)ﬁﬁ({}i) ﬁ(uﬂ))_lww+w+%i>+§¢e<—w—w—zz>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(1/4+x+x72),x, algorithm="giac")

[Out] (1/16%I + 1/16)*sqrt(2)*sqrt(pi)*erf ((1/4*I - 1/4)*sqrt(2)*(2*xx + 1)) - (1/
16%I - 1/16)*sqrt(2)*sqrt(pi)*erf(-(1/4*I + 1/4)*sqrt(2)*(2*x + 1)) - 1/4x%I
@~ (I*x"2 + Ixx + 1/4xI) + 1/4xI*xe”(-I*x"2 - Ixx - 1/4%I)
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Mupad [B]
time = 0.48, size = 32, normalized size = 0.78
V2 @et1)
sin (2% + 2 + ) B V2 \/FC( 2/
2 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(x + x~2 + 1/4),%)
[Out] sin(x + x72 + 1/4)/2 - (27(1/2)*pi~(1/2)*fresnelc((27(1/2)*(2*x + 1))/(2*pi
~(1/2))))/4
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3.13 | cos (i + 4+ xz) dx

Optimal. Leaf size=24
[T 1+ 2x>
— FresnelC
2 ( V2

[Out] 1/2*FresnelC(1/2*(1+2xx)*2~(1/2)/Pi~(1/2))*2~(1/2)*Pi~(1/2)

Rubi [A]
time = 0.00, antiderivative size = 24, normalized size of antiderivative = 1.00, number of

number of rules _ 999
integrand size ’

steps used = 2, number of rules used = 2, integrand size = 9,

Rules used = {3527, 3433}
T 2x+1
\/ = FresnelC( )
2 Vo

Antiderivative was successfully verified.

[In] Int[Cos[1/4 + x + x~2],x]

[Out] Sqrt[Pi/2]*FresnelC[(1 + 2xx)/Sqrt[2xPi]]
Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3527

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Cos[(b + 2%c*x
)~2/(4%c)], x] /; FreeQ[{a, b, c}, x] && EqQ[b~2 - 4x*axc, 0]

Rubi steps

Mathematica [A]
time = 0.03, size = 24, normalized size = 1.00

T 1+ 2x
\/ = FresnelC
2 (\/27r )
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Antiderivative was successfully verified.
[In] Integrate[Cos[1/4 + x + x72],x]
[Out] Sqrt[Pi/2]*FresnelC[(1 + 2#*x)/Sqrt[2*Pi]]

Maple [A]
time = 0.05, size = 20, normalized size = 0.83

method | result size

V/2' /T FresnelC <\/%/(7%+%)>

default :

\/7T(—1)%erf<(—1)zlrz+<§>%‘> VT erf<1/_i i )

risch — - + . 24/ —1 46
4y/—1

20

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(1/4+x+x"2),x,method=_RETURNVERBOSE)
[Out] 1/2%27(1/2)*Pi~(1/2)*FresnelC(2~(1/2)/Pi~(1/2)*(x+1/2))

Maxima [C] Result contains complex when optimal does not.
time = 0.54, size = 70, normalized size = 2.92
1) ﬁ(2m+i)) —(i+1) V2 erf (—(iui) ﬁ(%zﬂ')) +(i+1) ﬁerf(zlj_:lz))

—% T ((i ) VT et <_% (-1} (2iz+i)) -1 VT e (—Gz -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x"2),x, algorithm="maxima")

[Out] -1/16%sqrt(pi)*((I - 1)*sqrt(2)*erf(-1/2%(-1)"(3/4)*(2xI*x + I)) + (I - 1)x*
sqrt(2)*xerf (-(1/4*I - 1/4)*sqrt(2)*(2xI*xx + I)) - (I + 1)*sqrt(2)*erf(-(1/4
*xI + 1/4)*sqrt(2)*(2xI*x + I)) + (I + 1)*sqrt(2)*erf(1/2x(2xI*x + I)/sqrt(-

D)

Fricas [A]
time = 0.40, size = 22, normalized size = 0.92

1 V2 (2z +1)
o) o Xee=2 )
2 VIVT ( 2/ )
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x~2),x, algorithm="fricas")

[Out] 1/2*%sqrt(2)*sqrt(pi)*fresnel_cos(1/2*sqrt(2)*(2*x + 1)/sqrt(pi))
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Sympy [A]

time = 0.25, size = 29, normalized size = 1.21
V2 (2z+1)
2 Vi (22+1)
V2 \/Fc( Va3
2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x**2),x)
[Out] sqrt(2)*sqrt(pi)*fresnelc(sqrt(2)*(2xx + 1)/(2*sqrt(pi)))/2

Giac [C] Result contains complex when optimal does not.
time = 0.48, size = 39, normalized size = 1.62

(SH )fﬁerf((z—i) ﬁ(2x+1)>+<8z—> fﬁerf< (H )mzm+1>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x"2),x, algorithm="giac")
[Out] -(1/8*I + 1/8)*sqrt(2)*sqrt(pi)*erf((1/4*I - 1/4)*sqrt(2)*(2*x + 1)) + (1/8
*I - 1/8)*sqrt(2)*sqrt(pi)*erf (-(1/4*I + 1/4)*sqrt(2)*(2xx + 1))

Mupad [B]
time = 0.04, size = 19, normalized size = 0.79
\/E (z+%)
NoRVate (T
2

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x + x~2 + 1/4),x%)
[Out] (27(1/2)*pi~(1/2)*fresnelc((27(1/2)*(x + 1/2))/pi~(1/2)))/2
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CcoS <zle+x+x2>

X

3.14 | d

Optimal. Leaf size=16

1 2
Int<cos(4+x+x ),m>

X

[Out] Unintegrable(cos(1/4+x+x~2)/x,x)

Rubi [A]
time = 0.01, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules __
integrand size 0.000,

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/cos (2 +z+2?) s
x

Verification is not applicable to the result.

[In] Int[Cos[1/4 + x + x~2]/x,x]

[Out] Defer[Int] [Cos[1/4 + x + x~2]/x, x]

Rubi steps

/cos(}l+x+x2) dx:/cos(ﬁ+m+x2) i
T T

Mathematica [A]
time = 11.10, size = 0, normalized size = 0.00

cos (3 + z + 2?)
/ - dx

Verification is not applicable to the result.

[In] Integrate[Cos[1/4 + x + x72]/x,x]
[Out] Integrate[Cos[1/4 + x + x~2]/x, x]
Maple [A]

time = 0.03, size = 0, normalized size = 0.00

/cos(i+x+x2) "
x




Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(1/4+x+x"2)/x,x)
[Out] int(cos(1/4+x+x~2)/x,%x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x~2)/x,x, algorithm="maxima")
[Out] integrate(cos(x™2 + x + 1/4)/x, x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(1/4+x+x"2)/x,x, algorithm="fricas")
[Out] integral(cos(x”2 + x + 1/4)/x, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

2 1
/cos(x :m+4) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x**2)/x,x)
[Out] Integral(cos(x**2 + x + 1/4)/x, x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x"2)/x,x, algorithm="giac")

[Out] integrate(cos(x"2 + x + 1/4)/x, x)
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Mupad [A]
time = 0.00, size = -1, normalized size = -0.06

2 1
/cos(x —I—w+4) 4

T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x + x~2 + 1/4)/x,x%)
[Out] int(cos(x + x"2 + 1/4)/x, x)

87
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CoS <zle+x+x2>

w2

3.15 | dx

Optimal. Leaf size=56

_cos(}l+:v+x2) B ms(1+2x) It sin(;ll+x+x2),x
T 2 T

[Out] -cos(1/4+x+x72)/x-FresnelS(1/2* (1+2xx)*2~(1/2)/Pi~(1/2))*2~(1/2)*Pi~(1/2)-U
nintegrable(sin(1/4+x+x~2)/x,x)

Rubi [A]

time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules
integrand size = 0.000,

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

2

/cos(}l—l-a:—i-xQ) s

Verification is not applicable to the result.
[In] Int[Cos[1/4 + x + x~2]1/x"2,x]

[Out] -(Cos[1/4 + x + x72]/x) - Sqrt[2*Pi]*FresnelS[(1 + 2*x)/Sqrt[2*Pi]] - Defer
[Int] [Sin[1/4 + x + x~2]1/x, x]

Rubi steps
cos (3 + z + 22 cos ( +z +2?) 1 sin({4+z+2
/ G - >dx:— (G 2/s1n( +x+x2> dx—/ G )dx
x x
+z+ in (14 x4+ z?
:_COS< 7+’ -2 s1n( (14 2x) )dm—/sm(4 e x)dx
x

cos (3 +z+x) o (1+2x sin (3 + z + 2?)
= — 2t S — dx
=)

Mathematica [A]
time = 12.24, size = 0, normalized size = 0.00

/cos(}l—l-a:—i-zQ) ”

2

Verification is not applicable to the result.

[In] Integrate[Cos[1/4 + x + x72]/x72,x]



[Out] Integrate[Cos[1/4 + x + x~2]1/x72, x]

Maple [A]
time = 0.03, size = 0, normalized size = 0.00

cos (3 + z + 2?)
/ . dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(1/4+x+x~2)/x"2,%)
[Out] int(cos(1/4+x+x"2)/x"2,x%)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x"2)/x"2,x, algorithm="maxima")
[Out] integrate(cos(x™2 + x + 1/4)/x72, x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x”2)/x"2,x, algorithm="fricas")

[Out] integral(cos(x~2 + x + 1/4)/x72, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

/cos(a:z—l-a:—i-i) i

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x**2)/x**2,x)
[Out] Integral(cos(x**2 + x + 1/4)/x**2, x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

89



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x"2)/x"2,x, algorithm="giac")
[Out] integrate(cos(x"2 + x + 1/4)/x72, x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.02

2 1
/cos(x —|;:v+4) dz
T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x + x~2 + 1/4)/x72,%)
[Out] int(cos(x + x~2 + 1/4)/x"2, x)
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3.16 [ 2% cos? (a + bz + cx?) dzx

Optimal. Leaf size=248

2 2 — v F | b+2cx 2 — b2 b+2cx F 1 b+2cx
x_3+b N3 cos( a 2c> resnelC e _\/7? cos ( a 2c> S e _\/7? resnelC NN
6 16¢5/2 16¢3/2 16¢3/-

[Out] 1/6%x"3-1/16*b*sin(2%c*x~2+2*b*x+2%a)/c”2+1/8*x*sin (2*c*x~2+2*b*x+2*a) /c+1/
16*%b~2*cos (2*a-1/2*%b"2/c) *FresnelC((2*c*x+b) /c~(1/2) /Pi~(1/2))*Pi~(1/2)/c~(
5/2)-1/16*cos(2*xa-1/2*%b"2/c) *FresnelS ((2*c*x+b) /c~(1/2) /Pi~(1/2))*Pi~(1/2)/

¢~ (3/2)-1/16*FresnelC((2*c*x+b) /c~(1/2) /Pi~(1/2))*sin(2*a-1/2*xb~2/c) *Pi~(1/
2)/c”(3/2)-1/16*b"2*FresnelS ((2*c*x+b) /c~(1/2) /Pi~(1/2) )*sin(2*a-1/2%b"2/c)
*Pi~(1/2)/c~(5/2)

Rubi [A]
time = (.18, antiderivative size = 248, normalized size of antiderivative = 1.00, number of

number of rules _ j 419
' integrand size ’

steps used = 10, number of rules used = 7, integrand size = 17
Rules used = {3549, 3545, 3543, 3529, 3433, 3432, 3528}

7 _ b0 bt2cx 2 _ bi2ex 2 o _ b b2cx _ bi2ex
/7 sin (2a z«.) Hesnelc(ﬁ\/z) . V7 b2 cos <2a 2«.-) Hesnelc<ﬁﬁ> B /7 b2 sin (2@ 2c> S(ﬁ\ﬁ?) V7 cos <2a 2«.-) S<‘/Z‘/7?> bsin (2 + 26z + 2e0?) . sin (20 + 26z + 2607) . e
16¢3/2 16¢5/2 16¢5/2 16¢3/2 16¢* 8c 6

Antiderivative was successfully verified.
[In] Int[x"2*Cos[a + b*x + c*x~2]"2,x]

[Out] x~3/6 + (b~2+Sqrt[Pil*Cos[2*a - b~2/(2xc)]*FresnelC[(b + 2xc*x)/(Sqrt[c]*Sq
rt[Pi])]1)/(16%xc~(5/2)) - (Sqrt[Pi]l*Cos[2*a - b~2/(2*c)]*FresnelS[(b + 2*c*x

)/ (Sqrt [c]*Sqrt[Pi])])/(16%c~(3/2)) - (Sqrt[Pi]*FresnelC[(b + 2xc*x)/(Sqrt[
c]*Sqrt[Pi])]*Sin[2*a - b~2/(2*c)])/(16%xc~(3/2)) - (b~2*Sqrt[Pi]*FresnelS[(

b + 2*c*x)/(Sqrt[c]*Sqrt[Pi])]1*Sin[2*xa - b~2/(2*c)]1)/(16%c~(5/2)) - (b*Sin[

2%a + 2%bxx + 2xc*x"2])/(16%c”2) + (x*Sin[2xa + 2%b*x + 2xc*x~2])/(8%*c)

Rule 3432

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3528

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Sin[(b + 2%c*x)~2/(4*c)], x], x] - Dist[Sin[(b~2 - 4xaxc)/



92

(4xc)], Int[Cos[(b + 2xc*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Cos[(b + 2*xc*x)~2/(4*c)], x], x] + Dist[Sin[(b~2 - 4x*axc)/
(4%c)], Int[Sin[(b + 2%c*x)~2/(4%c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3543

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[e*x(Sin[a + b*x + c*x72]/(2%c)), x] + Dist[(2*cxd - bxe)/(2%c), Int[
Cos[a + b*x + cxx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bx
e, 0]

Rule 3545

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol] :> Simp[e*(d + e*x)~(m - 1)*(Sin[a + b*x + c*x~2]/(2%c)), x] + (-Dist[
(bxe - 2%c*xd)/(2%c), Int[(d + exx)"(m - 1)*Cos[a + bxx + c*xx~2], x], x] - D
ist[e™2*%((m - 1)/(2%c)), Int[(d + exx)~(m - 2)*Sin[a + b*x + c*x~2], x], x]
) /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2xc*d, 0] && GtQ[m, 1]

Rule 3549

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1 " (n_)*((d_.) + (e_.)*(x_))"(m_.),
x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)”m, Cos[a + b*x + c*x~2]"n, x],
x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rubi steps
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S |
/z2 cos? (a + bx + cm2) dr = / (% + §x2 cos (2a + 2bx + 2cz2)) dzx

1 0
:€+§ zcos(2a+2bx+20x)dx
_a:3+ac sin (2a + 2bz + 2c2®) [ 'sin (2a + 2bx +2c2®) dv b [ wcos(2a-
6 8c 8c

3 bsin(2a + 2bx + 2cx?)  zsin(2a + 2bz + 2cz?) % [ cos (2a + 2ba
=" - + +

6 16¢? 8¢ 8c?

43 \/7?cos<2a—b—> (\/IL\/_> fC(ﬁi‘jL)sm( g})
6 16372 16¢3/2 |

2 CT

_x3+b2fcos 2a—— )_\/7?(308(2&—;—0)5(%’
G 16c5/2 16¢3/2

Mathematica [A]
time = 0.65, size = 170, normalized size = 0.69

—3\/7?5(\/”52:/’7?) (ccos (211 - 7) + b%sin (Za - 7)) + 3+/7 FresnelC ( \;i'%) (b2 cos (2a - g) — csin (211 - 7)) + /€ (8¢%z® — 3(b — 2cz) sin(2(a + z(b + cx))))
48c¢5/2

Antiderivative was successfully verified.

[In] Integrate[x~2xCos[a + b*x + c*x~2]72,x]

[Out] (-3*Sqrt[Pi]*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[Pi])]*(cxCos[2*a - b~2/(2x*c
)] + b™2%Sin[2*a - b~2/(2%c)]) + 3*Sqrt[Pi]*FresnelC[(b + 2*c*x)/(Sqrt[c]*S

qrt [Pi])]1*(b~2*Cos[2*xa - b~2/(2*%c)] - c*Sin[2*a - b~2/(2%c)]) + Sqrtlcl=*(8*
c™2*x"3 - 3x(b - 2*c*x)*Sin[2x(a + x*(b + c*x))]))/(48*c~(5/2))

Maple [A]
time = 0.21, size = 191, normalized size = 0.77

method | result

A /7-[- ( —4ac+b2 ) 2cx+b . ( —4ac+62 ) 2cx+b
o (2c z2+2bm+2a) b (cos — 5 — FresnelC 7f \/7? +sin 9 S \/E \/

C
4 - 3
¢ 4c2

3 x sin (2c z2+2bz+2a)
default | & + %e - dc

4ac b2

' , bz\/— f erf(f \/l?z—i-“’\/\/:) iﬁe_i@“;c‘bz) \/f erf(\/? \/E:E—i-;b\/\/?%)
risch Tt sr/ic — sao/ic —
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(c*x~2+b*x+a) 2,x,method=_RETURNVERBOSE)

[Out] 1/6*x"3+1/8*x*sin(2*c*x~2+2*b*x+2*a)/c-1/4%b/cx(1/4*sin(2*xcxx™2+2*b*x+2*a) /
c-1/4xb/c”(3/2)*Pi~ (1/2) *(cos (1/2* (-4*a*c+b~2) /c) *FresnelC((2*c*xx+b) /c~(1/2
)/Pi~(1/2))+sin(1/2* (-4*a*xc+b~2) /c)*FresnelS ((2*c*x+b) /c~(1/2)/Pi~(1/2))))-
1/16/c~(3/2)*Pi~ (1/2)*(cos (1/2* (-4*xa*c+b~2) /c) *FresnelS((2*xc*x+b) /c~(1/2) /P
i~(1/2))-sin(1/2*(-4*a*xc+b~2) /c)*FresnelC((2*c*x+b) /c~(1/2)/Pi~(1/2)))

Maxima [C] Result contains complex when optimal does not.
time = 1.13, size = 1617, normalized size = 6.52

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(c*x~2+b*x+a)”~2,x, algorithm="maxima")

[Out] -1/384x*sqrt(2)*(24*x((((I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt((4*I*xc~2
*X~2 + 4*xIxbxc*x + I*b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2
)*sqrt (- (4xI*xc~2%xx"2 + 4*Ixb*ckx + I*b~2)/c)) - 1))*b"2xc”3 + 2% (-(I + 1)*s
qrt (2)*gamma (3/2, 1/2*%(4*I*c~2*xx"2 + 4*Ixbxc*x + I*b~2)/c) + (I - 1)*sqrt(2
)*gamma (3/2, -1/2%(4*I*c"2xx"2 + 4xIxb*c*x + I*b~2)/c))*c”4)*cos(-1/2*%(b"2
- 4xaxc)/c) + (((I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c™2*xx~2 +
4xI*bxc*xx + I*¥b~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt
(-(4*Ixc™2*x"2 + 4*Ixbxc*x + I*b~2)/c)) - 1))*b"2xc”3 + 2% ((I - 1)*sqrt(2)*
gamma (3/2, 1/2%(4*I*c~2xx"2 + 4*xIxbxc*x + I*b~2)/c) - (I + 1)*sqrt(2)*gamma
(3/2, -1/2%(4%I*c”2*x"2 + 4xIxbxcxx + I*b~2)/c))*c”4)*sin(-1/2x(b~2 - 4xaxc
)/c))*x"3 + 36x((((I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt ((4*xI*c”2*x"2
+ 4*Ixb*c*x + I*¥b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sq
rt (- (4*I*c™2%xx"2 + 4xIxbkckx + I*xb~2)/c)) - 1))*b"3*c™2 + 2% (-(I + 1)*sqrt(
2)*gamma (3/2, 1/2%(4xI*c~2%x"2 + 4*I*bkcxx + I*b~2)/c) + (I - 1)*sqrt(2)*ga
mma (3/2, -1/2*%(4%I*c”2*%x"2 + 4xIxbxcxx + I*b~2)/c))*b*c~3)*cos(-1/2*%(b"2 -
4xaxc)/c) + (((I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c™2*xx"2 + 4
xI*¥bxcxx + I*¥b~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-
(4%I*c™2%x"2 + 4*I*bkxcxx + I*b~2)/c)) - 1))*b~3*%c”2 + 2% ((I - 1)*sqrt(2)*ga
mma (3/2, 1/2%(4*I*c~2xx"2 + 4*xIxbxc*x + I*b~2)/c) - (I + 1)*sqrt(2)*gamma(3
/2, -1/2%(4xIxc~2xx~2 + 4*I*b*c*x + I*b~2)/c))*bxc~3)*sin(-1/2%(b"2 - 4x*axc
)/c))*x"2 - 4*sqrt(2)*(8xc~4*x"3 - 3xbxc”2*(-Ixe~(1/2x(4*Ixc~2%x"2 + 4xIx*b*
ckx + Ixb72)/c) + Ixe”(-1/2%x(4*xI*c™2%x"2 + 4xIxb*c*x + Ix*b~2)/c))*cos(-1/2%
(b~2 - 4x*axc)/c) - 3*xbxc™2x(e”(1/2x(4*xIxc™2%x"2 + 4xIxb*ckx + I*b~2)/c) + e
“(-1/2%(4%I*c™2*x"2 + 4*xIxbxcxx + I*b~2)/c))*sin(-1/2*%(b~2 - 4*axc)/c))*((4
*xCT2%x"2 + 4xb*c*x + b~2)/c)”(3/2) + 18x((((I - 1)*sqrt(2)*sqrt(pi)*(erf(sq
rt(1/2) *sqrt ((4*I*c™2*x"2 + 4*I*xbxcxx + I*b~2)/c)) - 1) - (I + 1)*sqrt(2)*s
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qrt (pi) *(erf (sqrt(1/2) *sqrt (- (4*I*c~2*x"2 + 4xIxb*c*x + I*b~2)/c)) - 1))*b~
4xc + 2%(-(I + 1)*sqrt(2)*gamma(3/2, 1/2x(4*xIxc~2%x"2 + 4xIxb*c*x + Ixb~2)/
c) + (I - 1)*sqrt(2)*gamma(3/2, -1/2*%(4*xI*xc”2%x"2 + 4xIxbxcxx + Ixb~2)/c))*
b~2%c~2) *cos(-1/2*% (b2 - 4*axc)/c) + (((I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(l
/2) *sqrt ((4*I*c™2*x~2 + 4xI*xbkxc*x + I*b~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(
pi)*(erf (sqrt(1/2) *sqrt (- (4*I*c~2%xx"2 + 4xIxb*c*x + I*b~2)/c)) - 1))*b~4xc

+ 2% ((I - 1)*sqrt(2)*gamma(3/2, 1/2x(4*xIxc~2%x"2 + 4xI*b*c*x + I*b~2)/c) -

(I + 1)*sqrt(2)*gamma(3/2, -1/2x(4*I*c”2%x"2 + 4*I*b*c*x + I*b~2)/c))*b"2%c
~2)*sin(-1/2*(b"2 - 4*a*xc)/c))*x + 3*(((I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1
/2) *sqrt ((4*I*c™2*x"2 + 4xIxbkc*x + I*b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(
pi)*(erf (sqrt(1/2) *sqrt (- (4*I*c~2%x"2 + 4xIxb*c*x + Ixb~2)/c)) - 1))*b~5 +

2% (—(I + 1)*sqrt(2)*gamma(3/2, 1/2%(4xI*c”2*%x"2 + 4*I*bkxcxx + I*b~2)/c) + (
I - 1)*sqrt(2)*gamma(3/2, -1/2%(4*I*c”2*x"2 + 4*I*bxcxx + I*b~2)/c))*b~3%c)
*xcos (-1/2%(b~2 - 4x*axc)/c) + 3x(((I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sq
rt ((4*xIxc™2*%x"2 + 4*xI*b*cxx + I*b72)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(e
rf (sqrt(1/2) *sqrt (-(4*xIxc~2%x"2 + 4xI*b*c*xx + I*b~2)/c)) - 1))*b~5 + 2x((I

- 1)*sqrt(2) *gamma (3/2, 1/2%(4xI*c~2*x"2 + 4*I*b*cxx + I*b~2)/c) - (I + 1)*
sqrt (2) *gamma (3/2, -1/2%(4*I*c”~2*x"2 + 4*Ixbxcxx + I*b~2)/c))*b~3*c)*sin(-1
/2%(b~2 - 4xaxc)/c))/(c™4x((4*c™2%x"2 + 4*b*c*xx + b~2)/c)~(3/2))

Fricas [A]
time = 0.43, size = 178, normalized size = 0.72

(2ca+b) \/? (2¢x+b) \/?
) — mwesin (—"7;‘:“)) \/g C - s -3 (‘lrb2 sin (—“;i“) + mccos (—bzgi"”)) \/; S < s

48¢

8c%3 + 6 (2% — b) cos (cz? + be + a) sin (ca® + bz + a) + 3 (‘lrb2 cos (—"7;‘:“

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] 1/48%(8xc~3*%x"3 + 6%(2xc”2%x - b*c)*cos(c*x"2 + bxx + a)*sin(c*x"2 + b*x +
a) + 3x(pixb~2xcos(-1/2%(b"2 - 4*axc)/c) - pi*c*sin(-1/2%(b~2 - 4xaxc)/c))*

sqrt (c/pi)*fresnel_cos((2*c*x + b)*sqrt(c/pi)/c) - 3*(pi*b~2*sin(-1/2*(b"2

- 4xa*xc)/c) + pi*cxcos(-1/2x(b~2 - 4x*a*c)/c))*sqrt(c/pi)*fresnel_sin((2*c*x

+ b)*sqrt(c/pi)/c))/c”3

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/x2 cos® (a + bz + cz?) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2%cos(c*x**2+b*x+a)**2,x)

[Out] Integral(x**2*cos(a + b*x + C*xX**2)**2, X)
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Giac [C] Result contains complex when optimal does not.
time = 0.47, size = 212, normalized size = 0.85

VT (b +ic) erf(fl \/E‘(Z:H»E)(f£+l))e(7‘b2§:““) ic)erf( ~3
: ib) _ 9, p) (2 ca?+2ibz+2ia) 2 ZANIC] 9y ib i b) o(—2ica?—2ibr—2ia) i 2
. (c(2iz+ ) —2ib)e + ey my ) (c(—2iz— ) +2ib)e + ey ervey

1
5%~ 22 32¢?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xcos(c*x~2+b*x+a)”~2,x, algorithm="giac")

[Out] 1/6%x~3 - 1/32%((cx(2xI*x + Ixb/c) - 2xI*b)*e” (2%xI*c*x~2 + 2%I*b*x + 2%I*a)
+ sqrt(pi)*(b~2 + I*c)*erf(-1/2*sqrt(c)*(2*x + b/c)*(-Ixc/abs(c) + 1))*e"(
-1/2%(I*b~2 - 4xIxa*xc)/c)/(sqrt(c)*(-I*c/abs(c) + 1)))/c”2 - 1/32%x((c*x(-2*I

xx — Ixb/c) + 2*Ixb)*e”(-2xI*c*xx~2 - 2*Ixb*xx - 2*I*a) + sqrt(pi)*(b"2 - Ix*c
)*xerf (-1/2*xsqrt(c) *(2*xx + b/c)*(I*xc/abs(c) + 1))*e~(-1/2%x(-I*xb"2 + 4xIxaxc)
/c)/(sqrt(c)*(I*c/abs(c) + 1)))/c™2

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/:t:2 cos (cz® + bz + a)2dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(a + b*x + c*x~2)"2,x)

[Out] int(x"2*cos(a + b*x + c*x"2)"2, x)
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3.17 [z cos? (a+ bz + cx?) dx

Optimal. Leaf size=126

b b4-2cx b42cx _ b
2 b\/T cos (2a 26) FresnelC(\/E\/F> bfs(ff) sin ( 2C> sin (20 + 2bz + 2e?)

4 8c3/2 8c3/2 8c

[Out] 1/4*x"2+1/8*sin(2*c*x~2+2*b*x+2*a) /c-1/8*bxcos(2*xa-1/2*b~2/c)*FresnelC((2*c
*x+b) /c~(1/2) /Pi~(1/2))*Pi~(1/2)/c~(3/2)+1/8*b*FresnelS ((2*c*x+b) /c~(1/2) /P
i~(1/2))*sin(2*%a-1/2%b~2/c)*Pi~(1/2)/c~(3/2)

Rubi [A]
time = 0.06, antiderivative size = 126, normalized size of antiderivative = 1.00, number of

number of rules
5, integrand size = 0.333,

steps used = 6, number of rules used = 5, integrand size = 1
Rules used = {3549, 3543, 3529, 3433, 3432}

_ E b+42cx _ b b+2cx
) VT beos (2a 20) F‘resnelC(\/F\/E> V7 bsin (Za ) S(ﬁ\/?) , sin (20 + 26z + 2¢2?) N 2

8c3/2 8c3/2 8c 4

Antiderivative was successfully verified.
[In] Int[x*Cos[a + b*x + c*x~2]~2,x]

[Out] x"2/4 - (b*Sqrt[Pil*Cos[2*a - b~2/(2xc)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt
[Pi])1)/(8%c~(3/2)) + (b*Sqrt[Pi]*FresnelS[(b + 2*c*x)/(Sqrt[c]l*Sqrt[Pi])]*
Sin[2%a - b72/(2*%c)])/(8%c~(3/2)) + Sin[2*a + 2xb*x + 2*cxx~2]/(8%c)

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))#*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
a*c)/(4xc)], Int[Cos[(b + 2%c*x)~2/(4*c)], x], x] + Dist[Sin[(b~2 - 4x*axc)/
(4*c)], Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b"2 - 4xaxc, 0]

Rule 3543
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Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sin[a + b*x + c*x~2]/(2*c)), x] + Dist[(2*c*d - bxe)/(2*c), Int[
Cos[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b*
e, 0]

Rule 3549

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]17(n_)*((d_.) + (e_.)*(x_))"(m_.),
x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)“m, Cos[a + b*x + c*x~2]"n, x],
x] /; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[n, 1]

Rubi steps

/z0032 (a+bz+cz?) do = — + 1accos (2a + 2bz + 2cz? )) dx

/(5

|

Z 5 z cos (2a + 2bz + 2cz?) dx

a:_2 in (2a + 2ba: +2cz®) b [ cos(2a+ 2bx + 2cz?) dw

4 4c

b+4cx)? .

2 sin (2a + 2bz + 2C$2) <bcos <2a — —>> fcos ((2 +Hcz) > dz (bsm
== 4 - +

4 8c 4c

22 bfcos(Qa——) <f\/—) b\/FS(\/biic/z—>sm(a g—i)
T4 8c3/2 8c3/2 _

Mathematica [A]
time = 0.26, size = 116, normalized size = 0.92

—by/7 cos (2a - ’;—) FresnelC < \/”Cii/f??) + bﬁs(\}ii;;) sin (2a - %) + /€ (2¢2? + sin(2(a + (b + cz))))

]¢3/2

Antiderivative was successfully verified.

[In] Integrate[x*Cos[a + b*x + c*x"2]72,x]

[Out] (-(b*Sqrt[Pi]*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt[Pi])]
) + b*Sqrt[Pi]*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[Pi])]*Sin[2*a - b~2/(2%*c)

1 + Sqrtlc]*(2xc*x"2 + Sin[2x(a + x*(b + c*x))]1))/(8%c~(3/2))

Maple [A]

time = 0.12, size = 95, normalized size = 0.75
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method | result

o 2
, sjn(20z2+2bx+2a) ~ b\/F <cos( 4ac+b )Fresnelc<\/z_cz-\+/bf>+sm( 4a2cc+b )S(\/%xi-/bF >>

z°
default Tt %o ool

b o Lt ﬁ(ﬁfﬁ ) ok erf<_\rz¢c ot w.)
22 z\/i? + —2ic _i_g

16¢v/—2ic

risch z -
4 32¢Vic

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(c*x~2+b*x+a) 2,x,method=_RETURNVERBOSE)

[Out] 1/4*x"2+1/8*sin(2*c*x~2+2xb*x+2%*a)/c-1/8*b/c”(3/2)*Pi~(1/2)*(cos (1/2* (-4*ax
c+b”2) /c) *FresnelC((2*c*xx+b) /c~(1/2) /Pi~(1/2))+sin(1/2*%(-4*a*c+b~2) /c) *Fres
nelS((2*cxx+b)/c~(1/2)/Pi~(1/2)))

Maxima [C] Result contains complex when optimal does not.
time = 0.76, size = 610, normalized size = 4.84

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(c*x~2+bxx+a)~2,x, algorithm="maxima")

[Out] 1/64*sqrt(2)*(((I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt((4*xI*xc~2%x"2 +
4xIxb*c*x + Ixb~2)/c)) - 1) - (I + 1)#*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(
—(4*I*c™2%x"2 + 4*I*b*c*x + I*b~2)/c)) - 1))*b"2%cos(-1/2%(b"2 - 4*a*c)/c)
+ ((I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c~2*%x"2 + 4xI*b*c*x +
I¥b~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c~2*x"
2 + 4xIxbkc*x + I*b~2)/c)) - 1))*b~2*sin(-1/2%(b~2 - 4*axc)/c) - 2*x((-(I -
1) *sqrt (2) *sqrt (pi)* (erf (sqrt (1/2) *sqrt ((4*I*c~2xx"2 + 4*xIxbxc*x + I*b~2)/c
)) = 1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c™2%x"2 + 4*I*
bxcxx + I*b~2)/c)) - 1))*b*c*xcos(-1/2%(b~2 - 4xaxc)/c) + (-(I + 1)*sqrt(2)*
sqrt (pi)*(erf (sqrt(1/2) *sqrt ((4*I*c™2*x"2 + 4*I*xbxcxx + I*b~2)/c)) - 1) + (
I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c~2xx"2 + 4xIxb*c*x + I*b
~2)/c)) - 1))*bxcxsin(-1/2%(b~2 - 4*axc)/c))*x + 2*sqrt(2)*(4xc™2+%x"2 - cx(
Ixe” (1/2%(4*I*c™2%x"2 + 4*I*bxcxx + I*b~2)/c) - Ixe”(-1/2%(4*I*xc™2%x"2 + 4%
Ixb*c*x + I*b~2)/c))*cos(-1/2%(b"2 - 4*a*xc)/c) + c*(e”(1/2%(4*xI*xc™2*xx"2 + 4
*xIkbkckx + I*b72)/c) + e7(-1/2%(4xI*c™2%x"2 + 4*Ixbxcxx + I*b~2)/c))*sin(-1
/2%(b~2 - 4*axc)/c))*sqrt((4*c”2*x"2 + 4xbxc*x + b~2)/c))/(c"2xsqrt ((4*c~2*
X"2 + 4xbkxc*kx + b~2)/c))

Fricas [A]
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time = 0.44, size = 124, normalized size = 0.98

[c [c
c ) (2cz+b) [ — ¢ (2cz+b)4 | — )
ﬂb,/; cos (—b ;‘é“c>C YT —Wb,/; S| ——+" |sin <—%) — 2% — 2ccos (cz? + bz + a) sin (cz? + bz + a)

8c?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(c*x~2+bxx+a)~2,x, algorithm="fricas")

[Out] -1/8*(pi*b*sqrt(c/pi)*cos(-1/2*%(b"2 - 4*axc)/c)*fresnel_cos((2*c*x + b)*sqr
t(c/pi)/c) - pixb*sqrt(c/pi)*fresnel_sin((2*cxx + b)*sqrt(c/pi)/c)*sin(-1/2

*x(b"2 - 4xa*xc)/c) - 2%c”™2*x"2 - 2*c*kcos(c*x”2 + bxx + a)*sin(c*x"2 + b*x +
a))/c"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/:ccos2 (a+ bz + cz?) do

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(c*x**2+b*x+a)**2,x)
[Out] Integral(x*cos(a + b*x + c*x**2)**2, X)

Giac [C] Result contains complex when optimal does not.
time = 0.48, size = 170, normalized size = 1.35

2

\/7?berf(—f c (2048)(-is )) (-iteptiee)

—ib?+diac
NG _ j e(2ica®+2iba+2ia) \/Fbe'f( 3 ( (i5+ )) (= >+ie(_2ic12_2ibx_2m>
L c(-#+ )

E
Vel (is+1)
ot 16¢ + 16¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(c*x~2+bxx+a)~2,x, algorithm="giac")

[Out] 1/4*x~2 + 1/16*(sqrt(pi)*b*erf(-1/2*sqrt(c)*(2*x + b/c)*(-Ixc/abs(c) + 1))*
e~ (-1/2%(Ixb~2 - 4xIxaxc)/c)/(sqrt(c)*(-I*c/abs(c) + 1)) - I*xe”(2*I*cxx~2 +
2%I*b*x + 2*I*a))/c + 1/16%(sqrt(pi)*b*erf(-1/2xsqrt(c)*(2*x + b/c)*(I*c/a
bs(c) + 1))*e”~(-1/2x(-I*b~2 + 4xIkaxc)/c)/(sqrt(c)*(I*c/abs(c) + 1)) + I*xe~
(-2%I*c*xx"2 - 2xIxb*x - 2xI*a))/c

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/xcos (cz2 +bx+ a)de

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + b*x + c*x~2)72,x%)

[Out] int(x*cos(a + b*x + c*x"2)"2, x)
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3.18 [ cos? (a + bz + cx?) dx

Optimal. Leaf size=100

_ b b4-2cx b42cx : b
v, /7 cos <2a 2c> FresnelC(\/E\/F> ) \/7?,5'(\/8\/7?) sin <2a 2c>
2 4-/c 4./c

[Out] 1/2*x+1/4*cos(2*a-1/2%b"2/c)*FresnelC((2*c*x+b)/c~(1/2)/Pi~(1/2))*Pi~(1/2)/
c~(1/2)-1/4xFresnelS ((2*xc*x+b) /c~(1/2) /Pi~(1/2)) *sin(2*%a-1/2%b~2/c) *Pi~(1/2
)/c~(1/2)

Rubi [A]
time = 0.03, antiderivative size = 100, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.308,

steps used = 5, number of rules used = 4, integrand size = 13
Rules used = {3531, 3529, 3433, 3432}

o b+2cz ; _ _bt2cx
VT cos (Za 26) FresnelC(—\/F\/E> V7 sin <2a 26) S(ﬁﬁ) Lo
2

4/c B 4\/c
Antiderivative was successfully verified.
[In] Int[Cosl[a + b*x + c*x"2]72,x]

[Out] x/2 + (Sqrt[Pil*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2xc*x)/(Sqrt[c]*Sqrt[Pil]
)1)/(4xSqrt[c]) - (Sqrt[Pil*FresnelS[(b + 2*c*x)/(Sqrt[c]l*Sqrt[Pi])]*Sin[2*
a - b™2/(2xc)])/(4%Sqrt[c])

Rule 3432

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))#*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))#*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Cos[(b + 2%c*x)~2/(4*c)], x], x] + Dist[Sin[(b~2 - 4xaxc)/
(4xc)], Int[Sin[(b + 2xc*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3531
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Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTri
gReduce[Cos[a + b*x + c*x~2]"°n, x], x] /; FreeQ[{a, b, c}, x] &% IGtQ[n, 1]

Rubi steps

/cos2 (a + bz + ca:2) dr = / (1 + 1cos (Za + 2bx + 20x2)> dx

2 2
x 1 2
=§+§ cos(2a+2bx—|—2cx)dx
r 1 b? (2b + 4cz)? 1. b? . {(2b-
= §+§cos (2a— 2—0) /cos (T) dx — ism (2a— 2—0) /sm (—

=, \/77008(2(1—%)0(\/"52\77?) ) ﬁS(ﬁ%)sin(%—%)
2 4Ve 4\/c

Mathematica [A]
time = 0.11, size = 97, normalized size = 0.97

2\/Ex+\/7?cos< a——)FresnelC(\/bciz\c/””F) fs(\;i%)sin@a—g—i)
4/c

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x + c*xx~2]72,x]

[Out] (2#Sqrtl[cl*x + Sqrt[Pi]*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*
Sqrt[Pil)] - Sqrt[Pil*FresnelS[(b + 2*c*x)/(Sqrt[c]l*Sqrt[Pi]l)]*Sin[2*a - b~
2/(2*c)])/ (4xSqrt[c])

Maple [A]
time = 0.10, size = 72, normalized size = 0.72
method | result size
\/7? <cos(4a°+b )FresnelC( 2cz+b >+sin(_4a2°c+b ) < 2cx+b >>
default | 5 + Ve VT Ve /T 72
4/c
ac i(4dac— 2
\/Fe i%f erf<f \/’Em+w\/\/:> \/Fe(i%L)erf<—\/ —2ic =+ o )
isch z — ‘ =21 7 1111
TS 2+ 16V/ic’ 8v/—2ic

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cos(c*x~2+b*x+a)~2,x,method=_RETURNVERBOSE)
[Out] 1/2*x+1/4xPi~(1/2)/c”(1/2)*(cos(1/2x(-4*axc+b~2)/c)*FresnelC((2*xc*x+b)/c~ (1
/2)/Pi~(1/2))+sin(1/2*%(-4*a*xc+b~2) /c)*FresnelS((2xc*x+b) /c~(1/2)/Pi~(1/2)))

Maxima [C] Result contains complex when optimal does not.
time = 0.51, size = 124, normalized size = 1.24

Bt )) erf (%:;) + ((+1) cos (—E502) 4 (i — 1) sin (25822 ) ent ( Baztid, >)c% —16¢%x

32¢2

4T T (((z —1) cos (—“;ﬁ“) +(i+1) sin (-

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] -1/32%(47(1/4)*sqrt(2)*sqrt(pi)*(((I - 1)*cos(-1/2*%(b"2 - 4*axc)/c) + (I +
1)*sin(-1/2%(b~2 - 4*axc)/c))*erf ((2xIxc*x + I*b)/sqrt(2*Ixc)) + ((I + 1)*c
os(-1/2x(b~2 - 4*a*xc)/c) + (I - 1)*sin(-1/2%(b~2 - 4*axc)/c))*erf ((2*I*xc*x

+ Ixb)/sqrt(-2*%Ixc)))*c~(3/2) - 16%c~2*x)/c”2

Fricas [A]
time = 0.44, size = 93, normalized size = 0.93

C C

c \ (2cz+b)4/ ; P (2cz+b)4 / ; )
71"[— COS <—b;—iac> C e —my/— S B e— sin (_bg_i:dC) +2cx
™ s

4¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] 1/4*x(pixsqrt(c/pi)*cos(-1/2*(b~2 - 4xaxc)/c)*fresnel_cos((2*c*x + b)*sqrt(c
/pi)/c) - pi*sqrt(c/pi)*fresnel_sin((2*c*x + b)*sqrt(c/pi)/c)*sin(-1/2*%(b"2

- 4xaxc)/c) + 2xcxx)/c

Sympy [A]
time = 0.56, size = 83, normalized size = 0.83

(- D)3 v (o= D)o ()
2 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x**2+b*x+a)**2,x)
[Out] x/2 + sqrt(pi)*(-sin(2xa - b**2/(2x*c))*fresnels((2*b + 4x*c*x)/(2*sqrt(pi)*s
qrt(c))) + cos(2*a - b**2/(2%c))*fresnelc((2*b + 4*cxx)/(2*sqrt(pi)*sqrt(c)

)))*sqrt(1/c)/4
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Giac [C] Result contains complex when optimal does not.
time = 0.48, size = 122, normalized size = 1.22

1 VT erf (—%\/E(QI—I-%) <_E+1))e(—ib2;;‘”°) T erf (—%\/E(Qz-k%) (ﬁ 1))6(_%)

lel

+
2" " 82 (<5 +1) } 8ve (i£+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] 1/2*x - 1/8%sqrt(pi)*erf(-1/2*sqrt(c)*(2*xx + b/c)*(-I*c/abs(c) + 1))*e~(-1/
2% (I¥b~2 - 4xIxaxc)/c)/(sqrt(c)*(-Ixc/abs(c) + 1)) - 1/8*sqrt(pi)*erf(-1/2%
sqrt(c)*(2xx + b/c)*(I*xc/abs(c) + 1))*e~(-1/2*%(-I*b~2 + 4xI*xaxc)/c)/(sqrt(c

)*(Ixc/abs(c) + 1))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/cos (cz®+bz+ a)2dac

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x + c*x~2)~2,x)

[Out] int(cos(a + b*x + c*x~2)"2, x)
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cos? (a—l—gi)x+ca:2) da

319 |

Optimal. Leaf size=33

1 1 2 2 2cx?
ogZ(m) + EInt(cos( a+ mbm+ cx ),a:)

[Out] 1/2*%1n(x)+1/2*Unintegrable(cos(2*c*xx~2+2*b*x+2%a)/x,Xx)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _
integrand size 0.000,

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

dz

/ cos? (a + bz + cz?)
T

Verification is not applicable to the result.

[In] Int[Cos[a + b*x + c*x~2]72/x,x]

[Out] Logl[x]/2 + Defer[Int] [Cos[2*a + 2%b*x + 2xc*x~2]/x, x]/2
Rubi steps

/ cos? (a + bx + cz?) i — / 1 L o8 (2a + 2bx + 2cx?) i
x 2z 2z

log(z) 1 / cos (2a + 2bzx + 2cx?)
— o)y =
2 2 T

dz

Mathematica [A]
time = 6.33, size = 0, normalized size = 0.00

2 b 2
/cos (a+bx+cx )dx
x
Verification is not applicable to the result.
[In] Integrate[Cos[a + b*x + c*xx~2]72/x,x]
[Out] Integrate[Cos[a + b*x + c*x~2]72/x, x]
Maple [A]
time = 0.10, size = 0, normalized size = 0.00
2 2 b
/cos (cz?+ bz +a) i
x



Verification of antiderivative is not currently implemented for this CAS.
[In] int(cos(c*x~2+b*x+a) ~2/x,x)
[Out] int(cos(c*x~2+b*x+a)” 2/x,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)~2/x,x, algorithm="maxima")

[Out] 1/2*integrate(cos(2*c*x”~2 + 2*%b*x + 2*a)/x, x) + 1/2xlog(x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(c*x~2+b*x+a)~2/x,x, algorithm="fricas")
[Out] integral(cos(c*x”2 + bxx + a)~2/x, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

2 2
/cos (a+;)x+cx )dx

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(c*x**2+b*x+a)**2/x,x)

[Out] Integral(cos(a + b*x + c*xx**2)**2/x, X)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)~2/x,x, algorithm="giac")

[Out] integrate(cos(c*x~2 + b*x + a)~2/x, x)
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Mupad [A]
time = 0.00, size = -1, normalized size = -0.03

2 2
/cos(cx —Ia—:bx+a) s

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x + c*x~2)~2/x,x)

[Out] int(cos(a + b*x + c*x72)~2/x, x)
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3.20 [ 2% cos? (a + bz — cz?) dx

Optimal. Leaf size=248

2 v b—2cx 2 b—2cx b—2cx |
3 b%\/7 cos (2a+ 2c> FresnelC(\/E\/F> \/7 cos <2a+ 20) S<\/E\/7?) ﬁFresnelC(—\/z\/F‘

6 16¢5/2 + 16¢3/2 B 16¢3/2

[Out] 1/6%x"3-1/16*b*sin(-2*c*x~2+2*b*x+2%a)/c”2-1/8*x*sin (-2*c*xx"2+2xb*x+2%a) /c—
1/16%b~2*cos (2*a+1/2*xb~2/c) *FresnelC((-2*c*x+b) /c~(1/2) /Pi~(1/2))*Pi~(1/2)/
c~(5/2)+1/16*cos(2*a+1/2*xb"2/c) *FresnelS ((-2*c*x+b) /c~(1/2) /Pi~(1/2))*Pi~ (1
/2)/c~(3/2)-1/16*FresnelC((-2*c*x+b) /c~(1/2) /Pi~(1/2))*sin(2*a+1/2*b~2/c) *P
i~(1/2)/c~(3/2)-1/16*%b"2*FresnelS ((-2*c*x+b) /c~(1/2) /Pi~(1/2) ) *sin(2*a+1/2*
b~2/c)*Pi~(1/2)/c~(5/2)

Rubi [A]
time = 0.16, antiderivative size = 248, normalized size of antiderivative = 1.00, number of

number of rules _ ) 359
' integrand size ’

steps used = 10, number of rules used = 7, integrand size = 18
Rules used = {3549, 3545, 3543, 3529, 3433, 3432, 3528}

: v b—2cx 2 B b—2cx 2 i 02\ o _b-2cx B b—2cx
/7 sin (2a+ 2c> FresnelC(\hT\/z) ~ /7 b% cos <2a+ Zu) Fresnelc(ﬁ‘/z> ~ V7 b sin (2a+ 2() S(ﬁﬁ) /7 cos (2a+ 2c> S(ﬁ\ﬁ?) bsin (20 + %o — 265%)  wsin (2a + 2o — 207%) . 2
16¢3/2 16¢5/2 16¢5/2 16¢3/2 16¢* 8c 6

Antiderivative was successfully verified.
[In] Int[x"2*Cos[a + b*x - c*x~2]"2,x]

[Out] x~3/6 - (b~2+Sqrt[Pil*Cos[2*a + b~2/(2xc)]*FresnelC[(b - 2xc*x)/(Sqrt[c]*Sq
rt[Pi])]1)/(16%xc~(5/2)) + (Sqrt[Pi]l*Cos[2*a + b~2/(2*c)]*FresnelS[(b - 2*c*x

)/ (Sqrt [c]*Sqrt[Pi])])/(16%c~(3/2)) - (Sqrt[Pi]*FresnelC[(b - 2*c*x)/(Sqrt[
c]*Sqrt[Pi])]*Sin[2*a + b~2/(2*c)])/(16%xc~(3/2)) - (b~2*Sqrt[Pi]*FresnelS[(

b - 2*c*x)/(Sqrt[c]*Sqrt[Pi])]1*Sin[2*a + b~2/(2*c)])/(16%c~(5/2)) - (b*Sin[

2%a + 2%bxx - 2xc*x"2])/(16%c”2) - (x*Sin[2xa + 2%b*x - 2xc*x~2])/(8%*c)

Rule 3432

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))#*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3528

Int[Sinl(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Sin[(b + 2%c*x)~2/(4*c)], x], x] - Dist[Sin[(b~2 - 4xaxc)/
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(4xc)], Int[Cos[(b + 2*c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Cos[(b + 2*c*x)~2/(4*c)], x], x] + Dist[Sin[(b~2 - 4x*axc)/
(4%c)], Int[Sin[(b + 2%c*x)~2/(4%c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3543

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[e*x(Sin[a + b*x + c*x72]/(2%c)), x] + Dist[(2*cxd - bxe)/(2%c), Int[
Cos[a + b*x + cxx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bx
e, 0]

Rule 3545

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol] :> Simp[e*(d + e*x)~(m - 1)*(Sin[a + b*x + c*x~2]/(2%c)), x] + (-Dist[
(bxe - 2%c*xd)/(2%c), Int[(d + exx)"(m - 1)*Cos[a + b*x + c*xx~2], x], x] - D
ist[e™2*%((m - 1)/(2%c)), Int[(d + exx)~(m - 2)*Sin[a + b*x + c*x~2], x], x]
) /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2xc*d, 0] && GtQ[m, 1]

Rule 3549

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1 " (n_)*((d_.) + (e_.)*x(x_))"(m_.),
x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cos[a + b*x + c*x~2]"n, x],
x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rubi steps
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1
/z2c082(a+bx—cz /<2 -I-ECL' cos 2a—|—2bx—2cx)> dz

3 1

% E/x cos 2a+2bw—2cw ) dz
_ a®  xsin(2a + 2bx — 2cx?) fsin(2a+2bx—20x2) dz N b [z cos(2a+
6 8¢ 8¢ .
_a®  bsin(2a+2bz —2cz®)  wsin (2a + 2bz — 2cz?) N b? [ cos (2a + 2bz -
6 16¢2 8¢ 8c2

CT —ZCT : 2
_x_3+\/7?cos<2a+ ) (ﬁ%)_ﬁC(\}%%)sm(Za—k%)_
6 16¢3/2 16¢3/2
2 b—2cx v b—2cx

_x_3_b\/—cos 2a+20 C(\/E\/F>+\/7?COS<2G+2C>S<\/E\/F)
G 16¢5/2 16¢3/2

Mathematica [A]
time = 0.65, size = 175, normalized size = 0.71

—3\/7?.9(\;?\2/“:?) (ccos (2a+ ) b? sin (2a +¢ )) + 3\/7?Ftesnelc<\761+‘2/°:?) (b2 cos (2a+ g%) + csin (2(1 + g%)) + /¢ (8¢*z® — 3(b + 2cz) sin(2(a + z(b — cx))))
48¢5/2

Antiderivative was successfully verified.

[In] Integrate[x~2xCos[a + b*x - c*x~2]72,x]

[Out] (-3*Sqrt[Pi]*FresnelS[(-b + 2xc#*x)/(Sqrt[c]l*Sqrt[Pi])]*(c*Cos[2*a + b~2/(2%
c)] - b 2#Sin[2%a + b~2/(2*c)]) + 3*Sqrt[Pil*FresnelC[(-b + 2*c*x)/(Sqrt[c]

*Sqrt [Pi])]1*(b~2*%Cos[2*a + b~2/(2%c)] + cxSin[2*a + b~2/(2*c)]) + Sqrt[c]*(
8xc™2%x"3 - 3*(b + 2*c*kx)*Sin[2%(a + x*(b - c*x))]))/(48*c~(5/2))

Maple [A]
time = 0.20, size = 199, normalized size = 0.80

method | result

dac+b? o 2cz—b in +b2 2cz—b
. _Sin(_28m2+2bm+2a>+bﬁ (COS(TG’CC )F‘res elC( \/7?6‘?\3/8)+s ( ) (\/_c"“”\/

4c S
4c?2

z3 a:sm( —2cx? +2b$+2a)
default | S + dc

i(4ac+b )

b2\/—e Lﬁerf(\/ —2iC z+
32¢24/—2ic

i 4ac 2 '
) z\/F e_(ii’:i) erf<\/ —2iC z+ —21,c> b2\/7? e

+ 32¢y/—2ic B

. 3 —2ic
risch Tt
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(-c*x~2+b*x+a) ~2,x,method=_RETURNVERBOSE)

[Out] 1/6*x"3-1/8*x*sin(-2*c*x~2+2*b*x+2%*a)/c+1/4%b/cx(-1/4*sin (-2*c*xx™2+2*b*x+2%
a)/c+1/4*xb/c~(3/2)*Pi~(1/2)*(cos(1/2* (4*a*c+b~2)/c) *FresnelC(1/Pi~(1/2)/c~(

1/2) % (2*xc*x-b) )+sin(1/2* (4*a*c+b~2) /c) *FresnelS(1/Pi~(1/2)/c” (1/2) *(2*c*x-b
))))-1/16/c~(3/2)*Pi~(1/2) *(cos (1/2* (4*a*c+b~2) /c) *FresnelS(1/Pi~(1/2)/c~ (1
/2)*(2xc*x-b))-sin(1/2* (4*xaxc+b~2) /c) *FresnelC(1/Pi~(1/2) /c~ (1/2) *(2*c*x-Db)

))

Maxima [C] Result contains complex when optimal does not.
time = 1.14, size = 1617, normalized size = 6.52

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(-c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] -1/384*sqrt(2)*(24*((((I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt((4*Ixc~2
*x~2 - 4*xIxb*c*x + I*b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2
)*sqrt (- (4*I*c~2%x"2 - 4xIxb*c*x + I*b~2)/c)) - 1))*b~2%c™3 + 2x(-(I + 1)x*s
qrt(2)*gamma (3/2, 1/2*%(4*I*c"2xx"2 - 4*xIxbxc*x + I*b~2)/c) + (I - 1)*sqrt(2
)*gamma (3/2, -1/2%(4*I*c"2xx"2 - 4xIxb*c*x + I*b~2)/c))*c”4)*cos(1/2x(b"2 +
4xaxc)/c) + ((-(I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c~2*x"2 -
4xI*bxc*xx + I*¥b~2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt
(- (4*I*c™2*x"2 - 4*I*bxcxx + I*b~2)/c)) - 1))*b"2xc”3 + 2x(-(I - 1)*sqrt(2)
xgamma (3/2, 1/2%(4*I*c~2xx"2 - 4xIxbxc*x + I*b~2)/c) + (I + 1)*sqrt(2)*gamm
a(3/2, -1/2%(4xIxc”2*x"2 - 4xIxb*c*x + I*b~2)/c))*c”4)*sin(1/2*x (b2 + 4*axc
)/c))*x"3 + 36x(((-(I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt ((4*xI*c~2*x"
2 - 4*xIxb*cxx + Ixb~2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*s
qrt (- (4*I*c™2*x"2 - 4*xIxbxcxx + I*b~2)/c)) - 1))*b"3*c”2 + 2% ((I + 1)*sqrt(
2)*gamma (3/2, 1/2%(4xI*c”2*%x"2 - 4*I*bkcxx + I*b~2)/c) - (I - 1)*sqrt(2)*ga
mma (3/2, -1/2%(4%I*xc”2*x"2 — 4xIxbxc*xx + I*b~2)/c))*b*xc”3)*cos(1/2*x(b"2 + 4
xa*xc)/c) + (((I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*xc~2*x~2 - 4%
I¥bxc*xx + I*¥b~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(
4xI*xc™2%x"2 - 4*I*bkcxx + I*b~2)/c)) - 1))*b~3*%c™2 + 2% ((I - 1)*sqrt(2)*gam
ma(3/2, 1/2x(4xIxc~2%x"2 - 4xI*b*cxx + I*b~2)/c) - (I + 1)*sqrt(2)*gamma(3/
2, -1/2%(4xIxc~2xx~2 - 4*I*b*c*x + I*b~2)/c))*bxc~3)*sin(1/2%(b"2 + 4x*axc)/
C))*x"2 - 4*sqrt(2)*(8xc~4*x"3 - 3xb*c”2%(I*e™ (1/2%(4*I*c™2%xx"2 - 4*Ixbxc*x
+ Ixb~2)/c) - Ixe”(-1/2x(4*I*c™2%x"2 - 4xIxb*c*x + I*b~2)/c))*cos(1/2*(b~2
+ 4xaxc)/c) - 3xb*c”™2x(e”(1/2%(4*I*c™2*x"2 - 4*xIxbxcxx + I*b~2)/c) + e~ (-1
/2% (4%I*c™2%x"2 — 4*I*b*c*x + I*b~2)/c))*sin(1/2%(b~2 + 4xaxc)/c))*((4*c™2x
X"2 - 4¥bkxcxx + b72)/c)~(3/2) + 18%((((I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/
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2) *sqrt ((4*xI*c~2*%x"2 - 4*I*bkcxx + I*b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(p
i)*x(erf(sqrt(1/2)*sqrt (- (4*xI*c~2*%x"2 - 4*I*bkxcxx + I*b~2)/c)) - 1))*b"4*c +
2% (-(I + 1)*sqrt(2)*gamma(3/2, 1/2*%(4*xI*c”2%x"2 - 4xIxbxcxx + I*b~2)/c) +
(I - 1)*sqrt(2)*gamma(3/2, -1/2*(4*I*c”2%x"2 - 4*I*b*c*x + I*b~2)/c))*b~2%c
~2)*cos(1/2%(b"2 + 4xaxc)/c) + ((-(I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*s
qrt ((4*Ixc~2%x"2 - 4xIxb*c*x + Ixb~2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(pi)*(
erf (sqrt(1/2)*sqrt (- (4*I*c™2*x"2 - 4*I*bxcxx + I*b~2)/c)) - 1))*b"4d*xc + 2x*(
-(I - 1)*sqrt(2)*gamma(3/2, 1/2%(4*I*c"2*xx"2 - 4*xIxbxcxx + I*b~2)/c) + (I +
1)*sqrt(2) *gamma (3/2, -1/2%(4*I*xc~2%x"2 - 4xIxb*c*x + I*b~2)/c))*b"2%c~2)*
sin(1/2%x(b~2 + 4xa*c)/c))*x + 3*%((-(I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*
sqrt ((4*xI*c~2*%x"2 - 4*I*bkxcxx + I*b~2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*
(erf (sqrt(1/2) *sqrt (- (4*I*c™2xx"2 - 4*xIxbxc*x + I*b~2)/c)) - 1))*b~5 + 2% ((
I + 1)*sqrt(2)*gamma(3/2, 1/2*%(4*I*c™2*x~2 - 4*I*xbxc*x + I*xb~2)/c) - (I - 1
)*sqrt (2) *gamma (3/2, -1/2%(4*I*c™2*xx~2 - 4*xIxbxc*x + I*b~2)/c))*b~3%c)*cos(
1/2% (b2 + 4xaxc)/c) + 3*(((I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*
I*c™2*%x"2 - 4*I*bkxcxx + I*b~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf(sqr
t(1/2) *sqrt (- (4*I*c~2%x"2 — 4*I*bxcxx + I*b~2)/c)) - 1))*b”5 + 2x((I - 1)*s
qrt (2)*gamma (3/2, 1/2*%(4*I*c"2xx"2 - 4*xIxbxc*x + I*b~2)/c) - (I + 1)*sqrt(2
)*gamma (3/2, -1/2%(4*I*xc”~2*x"2 - 4*Ixb*c*x + I*b~2)/c))*b~3*c)*sin(1/2*(b~2

+ 4xaxc)/c))/(c”4x((4*c™2%x"2 - 4xbxcxx + b~2)/c)~(3/2))

Fricas [A]
time = 0.46, size = 187, normalized size = 0.75

verty s | & S
8¢%7% +6(2 %z + be) cos (cz? — br — a) sin (cz? — bz —a) + 3 (7rb2 cos ("2;‘2‘") + mesin ("2;?‘“)) ke ((Zw b:\/:) +3 (ﬂbz sin ('ﬂ;irw) _ recos (h%iac)) \/; S (um bj \/:)

48¢c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(-c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] 1/48%(8%c”3%x"3 + 6*(2xc™2*x + bxc)*cos(c*x™2 - b*x - a)*sin(c*x™2 - b*x -
a) + 3x(pixb~2*cos(1/2%(b~2 + 4*axc)/c) + pi*c*sin(1/2%(b~2 + 4*a*xc)/c))*sq
rt(c/pi)*fresnel_cos((2*c*x - b)*sqrt(c/pi)/c) + 3*(pi*b~2*sin(1/2%(b~2 + 4
kaxc)/c) - pikckcos(1/2%(b~2 + 4*axc)/c))*sqrt(c/pi)*fresnel_sin((2*c*x - b
)*sqrt(c/pi)/c))/c”3

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/:c2 cos’ (a + bz — c2?) dzx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2%cos(-c*x**2+bxx+a)**2,x)

[Out] Integral(x**2*cos(a + b*x — c*x**2)**2, X)
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Giac [C] Result contains complex when optimal does not.
time = 0.50, size = 214, normalized size = 0.86

VE (4 VP ) R {4V o) o))
b - 1) o (2 cx?—2i br—2ia) 2 AN _9; ib) _ 9 b)) o(—2i ca?+2iba+2ia) 2 ZANG]
L, (c(2iz— i) +2ib)e + 72 o) ) (c(—2iz+ ) —2ib)e + vy ey

5%~ 22 32¢?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(-c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] 1/6%x7~3 - 1/32%((cx(2%I*x - Ixb/c) + 2xI*b)*e” (2%xI*kc*x~2 - 2%I*bxx - 2%I*a)
+ sqrt(pi)*(b~2 + I*c)*erf(-1/2*sqrt(c)*(2*x - b/c)*(-Ixc/abs(c) + 1))*e"(
-1/2%(I*b~2 + 4xIxa*xc)/c)/(sqrt(c)*(-I*c/abs(c) + 1)))/c”2 - 1/32%x((c*x(-2*I

*x + Ixb/c) - 2*Ixb)*e”(-2xI*c*xx~2 + 2*Ixbxx + 2*I*a) + sqrt(pi)*(b"2 - Ix*c
)*xerf (-1/2*xsqrt(c) *(2*x - b/c)*(I*c/abs(c) + 1))*e~(-1/2%(-I*b"2 - 4xIxaxc)
/c)/(sqrt(c)*(I*c/abs(c) + 1)))/c~2

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/w2 cos (—cz® + bz + a)Qda;

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(a + b*x - c*x"2)"2,x)

[Out] int(x"2*cos(a + b*x - c*x"2)"2, x)
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3.21 [z cos? (a+ bz — cx?) dzx

Optimal. Leaf size=126

»? b—2cx b—2czx : v
2 b\/T cos <2a + 26) FresnelC(\/E\/F) b\/FS(\/E\/F) sin <2a + 2C>  sin (2a + 2bx — 2ca?)

4 8c3/2 8c3/? 8c

[Out] 1/4*x"2-1/8*sin(-2*c*x~2+2%b*xx+2%*a)/c-1/8*bxcos(2xa+1/2*xb~2/c)*FresnelC((-2
*c*xx+b) /c~(1/2) /Pi~(1/2))*Pi~(1/2)/c~(3/2)-1/8*b*FresnelS ((-2*c*x+b) /c~(1/2
)/Pi~(1/2))*sin(2*a+1/2*xb~2/c)*Pi~(1/2)/c~(3/2)

Rubi [A]
time = 0.05, antiderivative size = 126, normalized size of antiderivative = 1.00, number of

number of rules __
integrand size 0.312,

steps used = 6, number of rules used = 5, integrand size = 16,
Rules used = {3549, 3543, 3529, 3433, 3432}

b2 b—2czx s b b—2cz
/7 beos <2a+ 2C> FresnelC<\/7?\/E> /7 bsin (2a+ 26) S(ﬁﬁ)  sin (2 + 2bz — 2e0?) N 2

8c3/2 8¢3/2 8c 4

Antiderivative was successfully verified.
[In] Int[x*Cos[a + b*x - c*x~2]~2,x]

[Out] x"2/4 - (b*Sqrt[Pi]l*Cos[2*a + b~2/(2xc)]*FresnelC[(b - 2*c*x)/(Sqrt[c]*Sqrt
[Pi]1)]1)/(8%c~(3/2)) - (b*Sqrt[Pi]*FresnelS[(b - 2*c*x)/(Sqrt[c]l*Sqrt[Pi])]*
Sin[2*a + b72/(2%c)])/(8%c~(3/2)) - Sin[2%a + 2%b*x - 2xc*x~2]/(8*c)

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4*xc)], Int[Cos[(b + 2xc*xx)~2/(4*c)], x], x] + Dist[Sin[(b~2 - 4*axc)/
(4xc)], Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b"2 - 4xaxc, 0]

Rule 3543
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Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sin[a + b*x + c*x~2]/(2*c)), x] + Dist[(2*c*d - bxe)/(2*c), Int[
Cos[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b*
e, 0]

Rule 3549

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_)*((d_.) + (e_.)*(x_))"(m_.),
x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)“m, Cos[a + b*x + c*x~2]"n, x],
x] /; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[n, 1]

Rubi steps

1
/z0032 (a+ bz —cz?) dx (g + 5 cos (2a + 2bz — 2c:c2)) dz
+

1
5 /z cos (2a + 2bz — 2cz?) dz
sin (2a + 2bx — 2cz?) N b [ cos (2a + 2bz — 2cz?) dx

Il
,J;| RN) ,,,;| &w \

8c 4c
B x_2 _ sin (2a + 2bx — 2cz?) N (bCOS <2a + %)) J cos <%) dx N <ij
4 8¢ 4c
b2 b—2cx b—2cx . b2
_x2 b\/7?cos(2a—l—%)0<\/g\/7?) b\/FS(\/E\/F)sm(Za—l—?c)
T4 8c3/2 B 8c3/2

Mathematica [A]
time = 0.28, size = 122, normalized size = 0.97

Ve Vevm

8¢c3/2

by/7 cos (2(1 + g—i) FresnelC< —bidee ) + b\/FS( —bider ) sin (2a + ;ﬁc) + /¢ (2cx?® —sin(2(a + z(b — cx))))

Antiderivative was successfully verified.

[In] Integrate[x*Cos[a + b*x - c*x72]72,x]

[Out] (bxSqrt[Pi]l*Cos[2*a + b~2/(2*c)]*FresnelC[(-b + 2xc*x)/(Sqrt[c]*Sqrt[Pi])]
+ b*Sqrt [Pi]*FresnelS[(-b + 2*c*x)/(Sqrt[c]l*Sqrt[Pi])]*Sin[2*a + b~2/(2*c)]
+ Sqrt[c]*(2xc*x~2 - Sin[2x(a + x*(b - c*x))]1))/(8%c~(3/2))

Maple [A]
time = 0.12, size = 99, normalized size = 0.79
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method | result

b 4ac+b2 Fr lC< 2cx—b > . 4ac+b ( 2cx—b >>
sin(~2ca’+2bwt2a) 4 <C°s< 5 ) Fresne NN/ +sin (1627 )3 NG

x2
default | % — " -
1 4ac b 1 4ac b
R erf(\/—_zic ot _%) /e ) f<ﬁ \/EHZ/\/%) "
i h z_ - _ sin | —.
Tse .t 16cy/—2ic 32c1/ic

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(-c*x~2+b*x+a)~2,x,method=_RETURNVERBOSE)

[Out] 1/4*x"2-1/8*sin(-2*c*x~2+2*xb*x+2%*a)/c+1/8*%b/c~(3/2)*Pi~(1/2)*(cos(1/2* (4*ax
c+b”2) /c) *FresnelC(1/Pi~(1/2) /c~(1/2) * (2*c*x-b) ) +sin(1/2*x (4*a*xc+b~2) /c) *Fre
snelS(1/Pi~(1/2)/c”(1/2)*(2*c*x-b)))

Maxima [C] Result contains complex when optimal does not.
time = 0.76, size = 611, normalized size = 4.85

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(-c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] 1/64*sqrt(2)*(((I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c~2%x"2 -
4xIxb*c*x + Ixb~2)/c)) - 1) - (I + 1)#*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(
—(4*I*c™2%x"2 - 4*I*b*c*x + I*b~2)/c)) - 1))*b"2*cos(1/2%(b"2 + 4*axc)/c) +

(-(I + 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt ((4*xI*c~2*x"2 - 4*Ixb*c*xx +
I¥b~2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c~2*x"
2 - 4xIxbkc*x + I*b~2)/c)) - 1))*b"2*sin(1/2*%(b"2 + 4xaxc)/c) - 2x(((I - 1)
*xsqrt (2) *sqrt (pi) * (erf (sqrt (1/2) *sqrt ((4*I*c~2%x"2 - 4xIxb*c*x + Ixb~2)/c))
- 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*c~2*x~2 - 4*I*b*
c*x + Ixb~2)/c)) - 1))*bxc*cos(1/2x(b~2 + 4*a*xc)/c) + (-(I + 1)*sqrt(2)*sqr
t(pi)*(erf (sqrt(1/2) *sqrt ((4*xI*xc~2*x~2 - 4xI*b*c*x + I*b~2)/c)) - 1) + (I -
1)*sqrt (2) *sqrt (pi)*(erf (sqrt (1/2) *sqrt (- (4*xI*c~2*%x"2 - 4*I*bkc*x + I*b~2)
/c)) = 1))xb*c*sin(1/2%(b~2 + 4*axc)/c))*x + 2*sqrt(2)*(4xc™2*x"2 - cx(Ixe”
(1/2%(4*I*c™2xx"2 - 4xIxbkc*kx + I*b~2)/c) - I*ke”(-1/2x(4xI*c”~2%x"2 - 4*I*b*
c¥x + I*b~2)/c))*cos(1/2%x(b"2 + 4xaxc)/c) - cx(e”(1/2x(4*I*c™2%x"2 - 4*Ix*b*
ckx + I*b72)/c) + e7(-1/2%(4xI*c™2%x"2 - 4*I*bxcxx + I*b~2)/c))*sin(1/2x(b~
2 + 4xaxc)/c))*sqrt ((4*c™2*%x"2 - 4*b*c*xx + b~2)/c))/(c”2*sqrt ((4*c™2*x"2 -
4xb*xc*x + b~2)/c))

Fricas [A]
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time = 0.48, size = 133, normalized size = 1.06

c (wab)‘ / E c (wab)w / E
mby /= cos (bzgi‘”) C 4| +aby /= S 4| sin (bzgi“) +2c%2? + 2 ccos (cx? — br — a) sin (ca? — br — a)
T T

82

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(-c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] 1/8%(pixb*sqrt(c/pi)*cos(1/2%(b~2 + 4*axc)/c)*fresnel_cos((2*c*x - b)*sqrt(
c/pi)/c) + pixb*sqrt(c/pi)*fresnel_sin((2*c*x - b)*sqrt(c/pi)/c)*sin(1/2*(b

T2 + 4xaxc)/c) + 2%cT2xx"2 + 2kcxcos(c* x"2 - b*xx - a)*sin(c*x"2 - b*x - a))

/c~2

Sympy [F]

time = 0.00, size = 0, normalized size = 0.00

/accos2 (a+ bz — cz?) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(-cxx**2+bxx+a)**2,x)
[Out] Integral(x*cos(a + b*x - c*x**2)**2, Xx)

Giac [C] Result contains complex when optimal does not.
time = 0.50, size = 172, normalized size = 1.37

\/Fberf(_7 ( >< )> ( sz} + ie(2icz2—2ibz—2ia) \/7?berf(—7 ( k ( )) <7 7”2;““)
lxz _ f( bt ) _ (ﬁ )
4 16¢ .

_ j e(—2ica®+2iba+2ia)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(-cxx~2+b*x+a)~2,x, algorithm="giac")

[Out] 1/4*x~2 - 1/16*(sqrt(pi)*b*erf(-1/2*sqrt(c)*(2*x - b/c)*(-Ixc/abs(c) + 1))*
e~ (-1/2%(I*xb~2 + 4xIxaxc)/c)/(sqrt(c)*(-I*c/abs(c) + 1)) + Ixe”(2*xIxc*xx"2 -
2xIxbxx — 2*%I*a))/c - 1/16*(sqrt(pi)*b*erf(-1/2xsqrt(c)*(2*x - b/c)*(I*c/a
bs(c) + 1))*e”~(-1/2x(-I*b~2 - 4xIxaxc)/c)/(sqrt(c)*(I*c/abs(c) + 1)) - I*e~
(-2%I*xc*xx"2 + 2xIxb*x + 2xI*a))/c

Mupad [F]

time = 0.00, size = -1, normalized size = -0.01
/xcos (—cw2 +bx+ a)2 dx
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(a + b*x - c*x~2)"2,x)

[Out] int(x*cos(a + b*x - c*x"2)"2, x)
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3.22 [ cos? (a+ bz — cx?) dz

Optimal. Leaf size=100

- VT cos <2a+g—i> FresnelC(\/bg_z\c/xF) ) \/7?5(\;3_2\(77?>Sin <2a+§:)
2 44/c e

[Out] 1/2*x-1/4*cos(2*a+1/2%b"2/c)*FresnelC((-2xc*x+b)/c~(1/2)/Pi~(1/2))*Pi~(1/2)
/c”(1/2)-1/4*FresnelS((-2*c*x+b)/c~(1/2) /Pi~(1/2) )*sin(2*a+1/2*xb~2/c)*Pi~ (1
/2)/c~(1/2)

Rubi [A]
time = 0.04, antiderivative size = 100, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.286,

steps used = 5, number of rules used = 4, integrand size = 14
Rules used = {3531, 3529, 3433, 3432}

VT cos (2(1 + g—i) FresnelC (ﬁ) V7 sin (2a + g—i) S(—\/‘g%) N
— + —

4\/c B 4/c 2
Antiderivative was successfully verified.
[In] Int[Cosl[a + b*x - c*x~2]"2,x]

[Out] x/2 - (Sqrt[Pil*Cos[2*a + b~2/(2*c)]*FresnelC[(b - 2xc*x)/(Sqrt[c]*Sqrt[Pil]
)1)/(4xSqrt[c]) - (Sqrt[Pil*FresnelS[(b - 2*c*x)/(Sqrt[c]l*Sqrt[Pi])]*Sin[2*
a + b"2/(2xc)])/(4%Sqrt[c])

Rule 3432

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Cos[(b + 2xc*x)~2/(4*c)], x], x] + Dist[Sin[(b~2 - 4x*axc)/
(4xc)], Int[Sin[(b + 2xc*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3531



Int[Cos[(a_.) + (b_.)*(x_) + (c_

D*(x_)"2]17(n_), x_Symbol]
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:> Int[ExpandTri

gReduce[Cos[a + b*x + c*xx~2]"°n, x], x] /; FreeQ[{a, b, c}, x] &% IGtQ[n, 1]

Rubi steps

/ cos® (a + bz — cz®

)d:c

/ 1+1
5 T 508

(2a + 2bz — 2cx2)> dx

= g + % /cos (2a—|— 2bx — 2cz2) dz
r 1 b? (2b — 4cx)? 1. b? . [ (2
=3 + écos (2a—|— 2—0) /cos (T) dz + §s1n (2a+ 2c> /Sln (—

b—2cx

b—2cx

\/T cos <2a+3—i>0(ﬁ) B ﬁs(\/g_\/;)sin@a—l—g—z)

2 4y/c

4+/c

Mathematica [A]
time = 0.11, size = 100, normalized size = 1.00

2v/c x + /7 cos <2a + 3—2) FresnelC(\/fr\Q/w—) + fS(\;ﬁ%) sin <2a + 3—2)
4Ve

Antiderivative was successfully verified.

[In] Integrate[Cos[a + b*x - c*x~2]72,x]

[Out] (2#Sqrt[cl*x + Sqrt[Pi]*Cos[2*a + b~2/(2*c)]*FresnelC[(-b + 2*c*x)/(Sqrt[c]
*Sqrt [Pi])] + Sqrt[Pil*FresnelS[(-b + 2*c*x)/(Sqrt[c]*Sqrt[Pi])]*Sin[2*a +
b~2/(2%c)])/(4%Sqrt [c])

Maple [A]
time = 0.10, size = 76, normalized size = 0.76
method | result size
\/7? <COS(4a°2J£b2)FresnelC< 2ca—b )+Sin(4ac+b ) < 2cz—b >>
default | 5 + VT /e aava 76
N
i(4ac 2 ac
\/7? e_(LQ:L) erf(\/ —2ic z+ib‘> \/7? e(i#f erf< \/7 \/E 1+M>
risch s+ — V—2ic) _ . 2+/ic 107
8v/—2ic 16v/ic.

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cos(-c*x~2+b*x+a) 2,x,method=_RETURNVERBOSE)

[Out] 1/2*x+1/4*Pi~(1/2)/c”(1/2)*(cos(1/2*(4*xa*xc+b~2)/c)*FresnelC(1/Pi~(1/2)/c~ (1
/2)*(2%c*xx-b))+sin(1/2*x (4*a*xc+b~2) /c) *FresnelS(1/Pi~(1/2)/c~(1/2) *(2*c*x-b)

))

Maxima [C] Result contains complex when optimal does not.
time = 0.52, size = 124, normalized size = 1.24

432 T <(—(i —1) cos (bhgi“) + (i +1) sin (bzgi”°)> erf (2’\;;1%:’) + (—(i +1) cos (bzg‘é“) + (i —1) sin (bzgi‘”>) erf (\7%))5% +16 Pz

32¢2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] 1/32%(4~(1/4)*sqrt(2)*sqrt(pi)*((-(I - 1)*cos(1/2x(b"2 + 4*a*c)/c) + (I + 1
)*sin(1/2*(b~2 + 4x*axc)/c))*erf ((2*Ixc*x - I*b)/sqrt(2*Ixc)) + (-(I + 1)*co
s(1/2%(b”2 + 4xaxc)/c) + (I - 1)*sin(1/2*x(b~2 + 4xa*xc)/c))*erf ((2*I*xcxx - I

*xb) /sqrt (-2*I*c)))*c~(3/2) + 16%c™2*x)/c"2

Fricas [A]

time = 0.46, size = 96, normalized size = 0.96

[c [c
c ) (2 cz—b) 7_T (2 cz—b) ; )
w4/ — cos (b "'4“)0 4+7m4/— S| ———— | sin (%)—}-2@:
s \

2c c c

o

3

4c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] 1/4*(pi*sqrt(c/pi)*cos(1/2%(b~2 + 4*axc)/c)*fresnel_cos((2*c*x - b)*sqrt(c/
pi)/c) + pixsqrt(c/pi)*fresnel_sin((2*c*x - b)*sqrt(c/pi)/c)*sin(1/2x(b"2 +
4xaxc)/c) + 2xcxx)/c

Sympy [A]
time = 0.54, size = 88, normalized size = 0.88

v VT —% (—Sin <2<l+ ?)%%) + cos (2a+ ’;—2)0(%))
1

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-cxx**2+bxx+a)**2,x)

[Out] x/2 + sqrt(pi)*sqrt(-1/c)*(-sin(2*a + b**2/(2*c))*fresnels((2*%b - 4*c*x)/(2
*xsqrt (pi)*sqrt(-c))) + cos(2*a + bx*2/(2*c))*fresnelc((2xb - 4*c*x)/(2*sqrt
(pi)*sqrt(-c))))/4
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Giac [C] Result contains complex when optimal does not.
time = 0.50, size = 124, normalized size = 1.24

1 Yrf (—%x/F(zx—%)(—ﬁﬂ))e(—iwﬁwc) V7 erf (_;\/*(296_,)0?0“)) (- mit2sioe)

’ sve (~fi+1) _ Ve (i+1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x~2+b*x+a)”~2,x, algorithm="giac")

[Out] 1/2*x - 1/8*sqrt(pi)*erf(-1/2*sqrt(c)*(2*x - b/c)*(-I*c/abs(c) + 1))*e~(-1/
2% (I¥b~2 + 4xIxaxc)/c)/(sqrt(c)*(-Ixc/abs(c) + 1)) - 1/8*sqrt(pi)*erf(-1/2%
sqrt(c)*(2xx - b/c)*(I*c/abs(c) + 1))*e”~(-1/2*%(-I*b~2 - 4xIxaxc)/c)/(sqrt(c

Y*(I*c/abs(c) + 1))

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/cos (—cx2 +bx+ a)de

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x - c*x~2)72,x)

[Out] int(cos(a + b*x - c*x~2)~2, x)
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cos? (a—l—xbx—ca:2) da

3.23 |

Optimal. Leaf size=33

1 1 2 2bx — 2cx?
og(x) - cos (2a + 2bx — 2cx ),x
2 2 z

[Out] 1/2*%1n(x)+1/2*Unintegrable(cos(-2*c*x~2+2*b*x+2%a)/x,x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _
integrand size 0.000,

steps used = 0, number of rules used = 0, integrand size = 0,

Rules used = {}

dx

/ cos? (a + bx — cz?)
x

Verification is not applicable to the result.

[In] Int[Cos[a + b*x - c*x~2]72/x,x]

[Out] Logl[x]/2 + Defer[Int] [Cos[2*a + 2%b*x - 2xc*x~2]/x, x]/2

Rubi steps

2 o2  9pm2
/ cos? (a + bx — cx?) dp — / 1 4 cos (2a + 2bx — 2cx?) s
z 2z 2z

 9n2
_ log(z) N 1 / cos (2a + 2bx — 2cz?) i
2 2 T

Mathematica [A]
time = 6.39, size = 0, normalized size = 0.00

/ cos? (a + bz — cz?)
T

dz

Verification is not applicable to the result.

[In] Integrate[Cos[a + b*x - c*xx~2]72/x,x]
[Out] Integrate[Cos[a + b*x - c*x~2]°2/x, x]
Maple [A]

time = 0.10, size = 0, normalized size = 0.00

/ cos? (—cx? + bz + a)
T

dz




Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(-c*x~2+b*x+a)"2/x,x)

[Out] int(cos(-c*x~2+b*x+a) "2/x,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x~2+b*x+a)~2/x,x, algorithm="maxima")

[Out] 1/2*integrate(cos(2*c*x~2 - 2*b*x - 2*a)/x, x) + 1/2xlog(x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x~2+b*x+a) 2/x,x, algorithm="fricas")
[Out] integral(cos(c*x”2 - bxx - a)~2/x, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

2 2
/cos (a+;x cx)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x**2+b*x+a)**2/x,x)

[Out] Integral(cos(a + b*x - c*xx**2)**2/x, X)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(-c*x~2+b*x+a)~2/x,x, algorithm="giac")

[Out] integrate(cos(-c*x~2 + b*x + a)~2/x, x)
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Mupad [A]
time = 0.00, size = -1, normalized size = -0.03

—cz? 2
/cos( cx;—bx+a) i

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x - c*x~2)7"2/x,x%)

[Out] int(cos(a + b*x - c*x72)~2/x, x)

124
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3.24 [ x? cos? (i + 2z +2?) dz

Optimal. Leaf size=85

142 142 1 1 1 1
E+ fFresnelC( \—/}—7?33) fS( \—;?m) lﬁsm(§+2x+2x2)+§zsin(§+2x+2z2)

[Out] 1/6%x"3-1/16%sin(1/2+2%x+2%x"2)+1/8*x*sin(1/2+2*x+2*%x~2)+1/16*%FresnelC((1+2
*x)/Pi~(1/2))*Pi~(1/2)-1/16*%FresnelS((1+2*x)/Pi~(1/2))*Pi~(1/2)

Rubi [A]
time = 0.04, antiderivative size = 85, normalized size of antiderivative = 1.00, number of

number of rules — 0.467,
integrand size

steps used = 8, number of rules used = 7, integrand size = 15,
Rules used = {3549, 3545, 3543, 3527, 3433, 3526, 3432}

2 1 2 1 31 1 1 1
fFresnelC( f/:r; >—f5’< f/i— >+:2+8wsin(2x2+2x+2>—wsin<2x2+2x+2>

Antiderivative was successfully verified.
[In] Int[x"2*Cos[1/4 + x + x~2]"2,x]

[Out] x~3/6 + (Sqrt[Pi]*FresnelC[(1 + 2*x)/Sqrt[Pil])/16 - (Sqrt[Pi]*FresnelS[(1
+ 2xx)/Sqrt[Pil]) /16 - Sin[1/2 + 2xx + 2xx72]/16 + (x*Sin[1/2 + 2%x + 2%x72
1)/8

Rule 3432

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))#*FresnelS[Sqrt[2/Pil*Rt[d, 2]1*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3526

Int[Sinl[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Sin[(b + 2%c*x
)"2/(4%c)], x] /; FreeQ[{a, b, c}, x] && EqQ[b~2 - 4x*axc, 0]

Rule 3527
Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Cos[(b + 2*c*x

)~2/(4xc)], x] /; FreeQ[{a, b, c}, x] && EqQ[b~2 - 4x*axc, 0]

Rule 3543
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Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sin[a + b*x + c*x~2]/(2*c)), x] + Dist[(2*c*d - bxe)/(2*c), Int[
Cos[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b*
e, 0]

Rule 3545

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol] :> Simp[ex(d + exx)"(m - 1)*(Sin[a + b*x + c*x~2]/(2*c)), x] + (-Dist[
(bxe - 2%cxd)/(2*c), Int[(d + e*x)"(m - 1)*Cos[a + b*x + c*x~2], x], x] - D
ist[e™2%((m - 1)/(2%c)), Int[(d + exx)"(m - 2)*Sin[a + b*x + c*x~2], x], x]
) /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2xc*d, 0] && GtQ[m, 1]

Rule 3549
Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(m_)*((d_.) + (e_.)*(x_))"(m_.),

x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)“m, Cos[a + b*x + c*x~2]"n, x],
x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rubi steps

1
/ac2cos2 (Z +x+z2) dz

RS
%

= M= N

1 1
+ §z2 cos (5 + 22 + 2z2)) dz

1
/x2 cos (5-}-2:5—!-23:2) dz
. 1 9 1 . 1 9 1 1
a:sm<2-|—2w+2x> 8/s1n<2+2z+2$>da: 4/:vcos(2

_|_

_l_

Qlaw CD|i.2cao Qlaoo @lﬁw ngoo\

1 1 1 1 1 1
= —1—65in(§+2x—|—2m2>+§xsin<§+2x+2x2>+§/cos(§+2x—|
1 142 1 1 1 1 \
= — 1—6\/7r S(%) — 1—6$in (§+2x+2x2) —}—ga:sin (§+2x+2x2/
1 1+ 2z 1 1+ 2 1 1
= —rTC|— | — =7 S| ——— | — —sin| = +2 222 ‘
TV (\/7?) 6V" (ﬁ) 165m(2+x+x)+

Mathematica [A]
time = 0.16, size = 77, normalized size = 0.91

L
43

<8x3 + 3\/7?F‘resne10<1j/_7?2m> - 3\/7?S<1:/r7?2x> — 3sin <;(1 + 2x)2> + 6z sin (;(1 + 2x)2>>

Antiderivative was successfully verified.
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[In] Integrate[x~2*Cos[1/4 + x + x72]72,x]

[Out] (8%x~3 + 3*Sqrt[Pi]*FresnelC[(1 + 2*x)/Sqrt[Pi]] - 3*Sqrt[Pi]*FresnelS[(1 +
2*xx) /Sqrt [Pi]l] - 3*Sin[(1 + 2%x)~2/2] + 6*x*Sin[(1 + 2xx)~2/2])/48

Maple [A]
time = 0.16, size = 64, normalized size = 0.75

method | result

Fresnelc<i;72?z>\/7 s<i;72?z>\/7?

sin(%+2x+2x2) wsin(%+2x+2x2)

1133
default | % — 16 8 + 16 - 16

\ VT ﬁ(—l)ierf<ﬁ(—1)ix+w> (—ni/T V2 erf<ﬁ(—1)ix+w> v
risch T~ 64 - 64 +

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(1/4+x+x~2)~2,x,method=_RETURNVERBOSE)

[Out] 1/6*%x"3-1/16%sin(1/2+2%x+2%x"2)+1/8*x*sin(1/2+2*x+2*x~2)+1/16*%FresnelC((1+2
*x) /Pi~(1/2))*Pi~(1/2)-1/16%FresnelS ((1+2%x)/Pi~(1/2))*Pi~(1/2)

Maxima [C] Result contains complex when optimal does not.
time = 0.60, size = 171, normalized size = 2.01

1281“+6AJJ7Aﬁr(f1e‘1“:”‘”‘” +iel-nr-ziw f") -3VBz2+8z+2 <(¢71) ﬁﬁ(ezf(v“‘?xx’%»hzi»%x ) 71) —(i+1) ﬁﬁ(m(v‘&uhsz%) 71) —(2i+2) V2T(3,2i2 + 2iz+ L) + (21 - 2) \/71'(%,7211272117%1)) + 24i ef2i= +2ix+4) _ 0456

BA2a+1)

(-2ie-2iz-4i)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xcos(1/4+x+x~2)"2,x, algorithm="maxima")

[Out] 1/384x(128*x~4 + 64*x~3 - 48xx* (-I*e” (2*xI*x"2 + 2xIxx + 1/2*%I) + I*e”(-2*xIx
X"2 - 2%I*xx - 1/2%I)) - 3*sqrt(8*x~2 + 8*x + 2)*((I - 1)*sqrt(2)*sqrt(pi)*(

erf (sqrt(2*I*x~2 + 2*I*x + 1/2%I)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqr
t(-2%I*x"2 - 2%Ixx - 1/2*%I)) - 1) - (2%I + 2)*sqrt(2)*gamma(3/2, 2*I*x~2 +

2xIxx + 1/2*%I) + (2+I - 2)*sqrt(2)*gamma(3/2, -2*%I*x"2 - 2*I*x - 1/2+I)) +
24xTxe” (2%I*x"2 + 2*I*xx + 1/2+I) - 24xI*e” (-2%I*x"2 - 2*Ixx - 1/2%I))/(2*x

+ 1)

Fricas [A]

time = 0.43, size = 57, normalized size = 0.67

fljx?’-l—;(2x—1)cos<x2+x+i>sin<x2+x+i>+116\/7?C(2f/7ri1> _116\/7?S<2f/7;1>

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2xcos(1/4+x+x~2)"2,x, algorithm="fricas")
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[Out] 1/6%x"3 + 1/8*%(2*%x - 1)*cos(x"2 + x + 1/4)*sin(x"2 + x + 1/4) + 1/16*sqrt(p
i)*xfresnel_cos((2*x + 1)/sqrt(pi)) - 1/16*sqrt(pi)*fresnel_sin((2*x + 1)/sq
rt(pi))

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

1
/ac2cos2 (x2 +z+ 71) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*cos(1/4+x+x**2)**2,x)
[Out] Integral(x**2*cos(x**2 + x + 1/4)*%2, x)

Giac [C] Result contains complex when optimal does not.
time = 0.45, size = 64, normalized size = 0.75

1 1 ) ) ) 1 ) ) X 1 1 1 1 1 1
G 2% — 3 (2 x — i)e(2oH2otyi) _ 3 (—2ix + )el "2 ~2a=30) _ 3—21 7 erf <(z -1 z+ 52 - 5) + 3—21 7 erf <—(l +1)z— 51 - 5)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*cos(1/4+x+x~2)72,x, algorithm="giac")

[Out] 1/6%x~3 - 1/32%(2xI*x - I)*e” (2*I*x~2 + 2%I*x + 1/2%I) - 1/32%(-2*%I*x + I)*
e” (-2xI*x"2 - 2xI*x - 1/2xI) - 1/32xIxsqrt(pi)*erf((I - 1)*x + 1/2+I - 1/2)
+ 1/32xIxsqrt(pi)*erf(-(I + *x - 1/2%I - 1/2)

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

1\ ?
/x2cos <x2+x+1) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*cos(x + x~2 + 1/4)"2,%)
[Out] int(x"2*cos(x + x~2 + 1/4)"2, x)
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3.25 [ x cos? (% +z+ x2) dx

Optimal. Leaf size=46

2 1 1+2 1 1
xz — g\/FFresnelC( \—/F??x> + 3 sin (5 + 2z + 2z2)
[Out] 1/4*%x~2+1/8*sin(1/2+2*%x+2%x~2)-1/8*%FresnelC((1+2*x)/Pi~(1/2))*Pi~(1/2)

Rubi [A]
time = 0.02, antiderivative size = 46, normalized size of antiderivative = 1.00, number of

number of rules _ 0.308,
integrand size

steps used = 5, number of rules used = 4, integrand size = 13,
Rules used = {3549, 3543, 3527, 3433}

1 2z +1 | 1
—g\/FFresnelC< f/—'/'ri ) + xz + gsin (2:32 + 2z + 5)
Antiderivative was successfully verified.
[In] Int[x*Cos[1/4 + x + x~2]72,x]

[Out] x72/4 - (Sqrt[Pi]*FresnelC[(1 + 2%x)/Sqrt[Pil])/8 + Sin[1/2 + 2*x + 2*x~2]/
8

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3527

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Cos[(b + 2*c*x
)~2/(4%c)], x] /; FreeQl[{a, b, c}, x] && EqQ[b~2 - 4x*axc, 0]

Rule 3543

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sin[a + b*x + c*x"2]/(2%c)), x] + Dist[(2%c*d - bxe)/(2%c), Int[
Cos[a + b*x + c*x72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - Dbx
e, 0]

Rule 3549

Int[Cos[(a_.) + (b_.)*(x_) + (c_)*(x_)"2]1"(m_)*((d_.) + (e_.)*(x_))"(m_.),
x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Cos[a + b*x + c*x~2]"n, x],
x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rubi steps
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/avcos2 (i+x+x2) da:=/ §+%xcos (%+2x+2x2)> dzx
:%24-% xcos(%+2x+2x2) dz
=%2+%sin(%+2x+2x2) —i/cos (%+2x+2x2) dx
:%2+ésin (%+2x+2x2) —i/cos (é(2+4x)2) dx
S re(t2) o)

Mathematica [A]
time = 0.07, size = 41, normalized size = 0.89

1/, 1420\ . (1 ,
§<2x - \/77FresnelC( i ) + sin (5(1 + 2z) ))

Antiderivative was successfully verified.

[In] Integrate[x*Cos[1/4 + x + x72]72,x]
[Out] (2*x~2 - Sqrt[Pi]*FresnelC[(1 + 2#x)/Sqrt[Pil] + Sin[(1 + 2*x)~2/2])/8

Maple [A]
time = 0.10, size = 35, normalized size = 0.76

method | result size
FresnelC (1+2E> \/F
.1
default | = + Sln(§+§x+2m2) - \8/7? 35
VT V2 (i erf<\/z* (_1)iz+\/§2<—1>211> N3 erf(\/——zi e ) sn 3322
risch % + = - etV 5 72
164/ —21

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(1/4+x+x"2)"2,x,method=_RETURNVERBOSE)
[Out] 1/4%x"2+1/8*sin(1/2+2*%x+2%x"2)-1/8*%FresnelC((1+2*x)/Pi~(1/2))*Pi~(1/2)

Maxima [C] Result contains complex when optimal does not.
time = 0.56, size = 136, normalized size = 2.96

—

it 1 1 ) e Li
3243 4+ 1622 + 81(71'6(2"'2*2’”%’) +ie(’l“‘"7“”%‘)) + V822 +8z+2 ((i -1 V2T (Crf (V/Zi W42+ i ) - 1) —(i+1) V2 VT <crf (\/in s =2iz—gi | -1)) - 4i eis*+2izt3i) 4 g o(-2ix*~2ia-1i)

642z +1)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(1/4+x+x~2)72,x, algorithm="maxima")

[Out] 1/64%(32%x~3 + 16%x72 + 8kx*(-Ixe” (2xI*x~2 + 2xI*x + 1/2%I) + I*e™ (-2%I*x"2
- 2%I*x - 1/2%I)) + sqrt(8*x~2 + 8*x + 2)*((I - 1)*sqrt(2)*sqrt(pi)*(erf(s

qrt (2xI*xx~2 + 2%Ixx + 1/2*%I)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(-2x*
I*x"2 - 2xIxx - 1/2%I)) - 1)) - 4xIxe” (2*I*x"2 + 2*I*x + 1/2%I) + 4*xI*xe” (-2
*[kx"2 - 2%I*kx - 1/2%I))/(2%x + 1)

Fricas [A]

time = 0.41, size = 37, normalized size = 0.80

1 1 1 1
Zx2+zcos(z2+x+é—l>sin<x +z+ ) \/—C(

23:/;1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(1/4+x+x~2)"2,x, algorithm="fricas")

[Out] 1/4*x"2 + 1/4%cos(x"2 + x + 1/4)*sin(x"2 + x + 1/4) - 1/8*sqrt(pi)*fresnel_
cos((2*x + 1)/sqrt(pi))

Sympy [B] Leaf count of result is larger than twice the leaf count of optimal. 121 vs.

2(37) = 74.

time = 0.96, size = 121, normalized size = 2.63

o V(e )Tl fzc(f o) Sm(<$+%2)F<i)_ﬁo(ﬁ+¢%)m)
r

4 160 (2) * 32r (9) 32r (8)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(1/4+x+x**2)**2,x)

[Out] x**2/4 - sqrt(pi)*x*fresnelc(2*x/sqrt(pi) + 1/sqrt(pi))*gamma(1/4)/(16*gamm
a(5/4)) + sqrt(pi)*x*xfresnelc(2*x/sqrt(pi) + 1/sqrt(pi))/4 + sin(2*(x + 1/2

) *x2) *xgamma (1/4) / (32*gamma (5/4)) - sqrt(pi)*fresnelc(2*x/sqrt(pi) + 1/sqrt(
pi))*gamma(1/4)/(32*gamma(5/4))

Giac [C] Result contains complex when optimal does not.

time = 0.48, size = 54, normalized size = 1.17

1 1 1 1 1 1 1 1 1 1 ; ; ; 1 ; . .
Zx2 + (@1 + 32> V7 erf ((l -Dz+ 51 - 2> (ﬁ - ﬁ) Vo erf (—(l +1) z— 52 - 5) - 1—61 et t2iaty) | EZ (-2 ~2ia—gi)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*cos(1/4+x+x~2)"2,x, algorithm="giac")

[Out] 1/4*x~2 + (1/32%I + 1/32)*sqrt(pi)*erf((I - 1)*x + 1/2xI - 1/2) - (1/32%I -
1/32) *sqrt(pi)*erf (-(I + 1)*x - 1/2+I - 1/2) - 1/16%Ixe”(2%xI*x"2 + 2xIxx +
1/2*%I) + 1/16%I*e~(-2%xI*x"2 - 2%I*x - 1/2%I)



Mupad [F]
time = 0.00, size = -1, normalized size = -0.02

1\ 2
/mcos <x2+m+z) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*cos(x + x”2 + 1/4)72,%)
[Out] int(x*cos(x + x~2 + 1/4)"2, x)
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3.26 [ cos? (% +z+ 332) dx

Optimal. Leaf size=27

x 1 1+ 2z
§+Z\/7?Hesne10<\/7?>

[Out] 1/2*x+1/4*xFresnelC((1+2*x)/Pi~(1/2))*Pi~(1/2)

Rubi [A]
time = 0.01, antiderivative size = 27, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.273,

steps used = 4, number of rules used = 3, integrand size = 11,
Rules used = {3531, 3527, 3433}

1 2¢+1 T
Z\/FFresnelC( N ) +5

Antiderivative was successfully verified.

[In] Int[Cos[1/4 + x + x~2]72,x]

[Out] x/2 + (Sqrt[Pi]*FresnelC[(1 + 2*x)/Sqrt([Pil])/4
Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3527

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Int[Cos[(b + 2*c*x
)72/ (4*c)], x] /; FreeQl{a, b, c}, x] && EqQ[b™2 - 4*axc, 0]

Rule 3531
Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTri
gReduce[Cos[a + b*x + c*x~2]"n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n, 1]

Rubi steps

+
N~

1
cos (5 + 2z + 2x2)) dz

1
cos (5 + 2z + 2x2) dz

1
/c052 (z_l +x+x2) dz

+/_\

Il
Bl N~ D= N

I
N8 N8 NS \

_|_

— —

cos (é(Z + 4x)2) dx

(%)

R
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Mathematica [A]
time = 0.02, size = 26, normalized size = 0.96

i (Zz + ﬁFresnelC(l\—/F;w)>

Antiderivative was successfully verified.

[In] Integratel[Cos[1/4 + x + x72]72,x]
[Out] (2#x + Sqrt[Pi]*FresnelC[(1 + 2%x)/Sqrt[Pi]])/4

Maple [A]
time = 0.08, size = 20, normalized size = 0.74

method | result size
FresnelC <1+2””> \/7?
default g + \4/7? 20

\/7? \/5 (—1)23{ erf(\/? (_1)211w+\/w>

16

ﬁerf<\/_7m_ ; )

—2
: 58
8v—2i

risch +

N8

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(1/4+x+x~2)"2,x,method=_RETURNVERBOSE)
[Out] 1/2*x+1/4*FresnelC((1+2%x)/Pi~(1/2))*Pi~(1/2)

Maxima [C] Result contains complex when optimal does not.
time = 0.48, size = 34, normalized size = 1.26

2tx +1

o) () o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x~2)"2,x, algorithm="maxima")

[Out] -1/16*%sqrt(pi)*((I - 1)*erf((2xI*x + I)/sqrt(2+I)) + (I + 1)*erf((2xIxx + I
)/sqrt(-2xI))) + 1/2*x

Fricas [A]
time = 0.41, size = 19, normalized size = 0.70

ot b

2

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(cos(1/4+x+x~2)"2,x, algorithm="fricas")

[Out] 1/4*sqrt(pi)*fresnel_cos((2*x + 1)/sqrt(pi)) + 1/2*x

Sympy [A]
time = 0.44, size = 22, normalized size = 0.81

el )

4
2 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x**2)**2,x)

[Out] x/2 + sqrt(pi)*fresnelc((4*x + 2)/(2*sqrt(pi)))/4

Giac [C] Result contains complex when optimal does not.
time = 0.46, size = 26, normalized size = 0.96

1.1 . 1.1 1. 1 ) 1. 1 1
—<161+16> \/Ferf<(z—1)x+21—2>+<161—16> ﬁerf(—(z+1)x—2z—2>+2:c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x"2)"2,x, algorithm="giac")
[Out] -(1/16*I + 1/16)*sqrt(pi)*erf((I - 1)*x + 1/2*%I - 1/2) + (1/16%I - 1/16)*sq
rt(pi)*erf(-(I + 1)*x - 1/2*I - 1/2) + 1/2%x

Mupad [F]
time = 0.00, size = -1, normalized size = -0.04

1 2
/cos (x2+x+z) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x + x~2 + 1/4)72,x%)
[Out] int(cos(x + x~2 + 1/4)"2, x)
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cos? (211+x+:c2>

T

dx

327

Optimal. Leaf size=31

1 L4 og 4+ 242
og@) 1y (eos(z+20 422
2 2 T

[Out] 1/2*1n(x)+1/2*Unintegrable(cos(1/2+2xx+2*x~2)/x,x)

Rubi [A]
time = 0.02, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ 0.000,
integrand size

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

/COS2 (1 +z+2?) "
x

Verification is not applicable to the result.

[In] Int[Cos[1/4 + x + x72]72/x,x]

[Out] Logl[x]/2 + Defer[Int] [Cos[1/2 + 2*x + 2*x~2]/x, x]/2
Rubi steps

2z 2z

log(z) 1 / cos (1 + 2z + 2z?)
T

/cos2 (3 +z+2?) dw_/<i+cos(%+2x+2z2)) .

dz

Mathematica [A]
time = 10.49, size = 0, normalized size = 0.00

cos? (3 + = + 2?)
/ e dx

Verification is not applicable to the result.

[In] Integrate[Cos[1/4 + x + x~2]72/x,x]
[Out] Integrate[Cos[1/4 + x + x~2]172/x, x]



Maple [A]
time = 0.09, size = 0, normalized size = 0.00

/0032 (; +z+2?) e
x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(1/4+x+x"2)"2/x,x%)
[Out] int(cos(1/4+x+x"2)"2/x,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x"2)"2/x,x, algorithm="maxima")

[Out] 1/2*integrate(cos(2*x”2 + 2*x + 1/2)/x, x) + 1/2%log(x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x72)"2/x,x, algorithm="fricas")
[Out] integral(cos(x~2 + x + 1/4)72/x, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

2 (.2 1
/cos (x;—x+4) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x**2)**2/x,X%)

[Out] Integral(cos(x**2 + x + 1/4)**2/x, x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x~2)"2/x,x, algorithm="giac")
[Out] integrate(cos(x"2 + x + 1/4)72/x, x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.03

2 1\2
/cos(m —|:;a:+4) e

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x + x~2 + 1/4)"2/x,%)
[Out] int(cos(x + x~2 + 1/4)"2/x, %)

138



139

cos? (211+x+:c2>

w2

3.28 | dx

Optimal. Leaf size=69

_i_cos(%+2a:+2x2) JrS 142z Cnt sin(%+2w+2x2)7x
2z 2z N3 x

[Out] -1/2/x-1/2*cos(1/2+2*x+2%x~2) /x-FresnelS((1+2*x)/Pi~(1/2))*Pi~(1/2)-Uninteg
rable(sin(1/2+2*x+2*x"2) /x,x)

Rubi [A]

time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

steps used = 0, number of rules used = 0, integrand size = 0, Bumber of rules = 0.000,

integrand size
Rules used = {}

cos? (L +z + 22

/ (4 5 ) d.TJ
x

Verification is not applicable to the result.

[In] Int[Cos[1/4 + x + x~2]"2/x"2,x]

[Out] -1/2%1/x - Cos[1/2 + 2*x + 2%x72]/(2*x) - Sqrt[Pi]*FresnelS[(1 + 2xx)/Sqrtl[
Pil] - Defer[Int] [Sin[1/2 + 2*x + 2*x~2]/x, x]

Rubi steps

cos? (L 4+ z + 22 1 14224222
/ (4 x x)dx:/ —+COS(2 x z) dx
2 212 212

1 1 Ccos 2 2
_ 1 _/ (3+2z+ w)dz
2z 2 T2
1 cos(i42x+ 222 sin (3 42z 42
= 5. (2 ’ ’ —Q/Sm ~ 4+ 2z + 222 dx—/ m(2 T !
2z 2z T
142242 in (1 + 2z + 222
:_i_cos(z—i- x + 222 —2/s1n Lo+ 4z dx_/sm(Q-l— T + 2z?)
2z 2z 8 T
1 cos(i+2x+ 222 1 sin (1 + 2z + 222
- _ - _ (2 )—\/7?5 +2 / (2 )d.’,(}
2z 2z T

Mathematica [A]
time = 10.57, size = 0, normalized size = 0.00

/0052 (1 +z+2?) "

x2
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Verification is not applicable to the result.
[In] Integrate[Cos[1/4 + x + x72]72/x72,x]
[Out] Integrate[Cos[1/4 + x + x72]72/x72, x]

Maple [A]
time = 0.09, size = 0, normalized size = 0.00

/0052 (1 +z+2?) .

12
Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(1/4+x+x~2)"2/x"2,x)
[Out] int(cos(1/4+x+x"2)"2/x"2,%)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(1/4+x+x"~2)~2/x"2,x, algorithm="maxima")
[Out] 1/2*%(x*integrate(cos(2*x~2 + 2xx + 1/2)/x72, x) - 1)/x

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(cos(1/4+x+x~2)"2/x72,x, algorithm="fricas")
[Out] integral(cos(x"2 + x + 1/4)°2/x72, x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

2 (.2 1
/cos (22 +z+7) .

2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x**2)**2/x**2 x)

[Out] Integral(cos(x**2 + x + 1/4)*x2/x*x2, Xx)



Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(1/4+x+x"2)"2/x"2,x, algorithm="giac")
[Out] integrate(cos(x"2 + x + 1/4)72/x72, x)

Mupad [A]

time = 0.00, size = -1, normalized size = -0.01

2 1\2
/cos (z +2a:+4) i
T

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(x + x~2 + 1/4)"2/x"2,%)
[Out] int(cos(x + x~2 + 1/4)°2/x"2, x)
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3.29 [(d + ex)?cos (a + bz + cx?) dx

Optimal. Leaf size=285

(2cd — be)? /g cos (a — Z—i) FresnelC(%) e? /g cos (a — %) S(%) _eQQ /g Fresnel(

405/2 203/2

[Out] 1/4*ex(-b*e+2*c*d)*sin(c*x~2+b*x+a)/c~2+1/2*e* (exx+d)*sin(c*x~2+b*x+a) /c+1/
8* (—bxe+2*c*d) “2xcos(a-1/4*b"2/c) *FresnelC(1/2* (2*c*x+b) /c~(1/2)*2~(1/2) /Pi
~(1/2))*27(1/2)*Pi~(1/2)/c~(5/2)-1/4*e"2*xcos(a-1/4*xb"2/c) *FresnelS (1/2* (2*c
*x+b) /¢~ (1/2)*27(1/2) /Pi~(1/2))*2~(1/2)*Pi~(1/2) /c”~(3/2)-1/4*e~2*FresnelC(1

/2% (2%c*xx+b) /c~(1/2)*2~(1/2) /Pi~(1/2) ) *sin(a-1/4*b~2/c) *2~(1/2)*Pi~(1/2) /c~
(3/2)-1/8*(-bxe+2*c*d) ~2*FresnelS(1/2* (2*c*x+b) /c~(1/2)*2~(1/2) /Pi~(1/2) ) *s
in(a-1/4%b"2/c)*2~(1/2)*Pi~(1/2)/c~(5/2)

Rubi [A]

time = 0.19, antiderivative size = 285, normalized size of antiderivative = 1.00, number of

number of rules _
integrand size 0.316,

steps used = 8, number of rules used = 6, integrand size = 19,
Rules used = {3545, 3543, 3529, 3433, 3432, 3528}

[T os (a — £ (200 — be)?FresnelC k2 T i (a - L’) (2cd — be)2§ [ iz [T 2 gin (a - ﬁ) FresnelC 2 [T 2 cos (a —2)s( bz ) )
Va2 * Vor Ve V2 “ Joor V2 “ Vor Ve V2 )\ Ve var e(2cd — be) sin (a + bz + ca?) | e(d+ ex)sin (a + bz + ca?)
1 - pER - 207 - 27 + 1@ * 2

Antiderivative was successfully verified.
[In] Int[(d + exx) 2*Cos[a + b*x + c*x~2],x]

[Out] ((2*%cxd - b*e) ~2*Sqrt[Pi/2]*Cos[a - b~2/(4*c)]*FresnelC[(b + 2*c*x)/(Sqrtlc
1*Sqrt [2*xPi])]1) /(4xc~(5/2)) - (e~2+Sqrt[Pi/2]*Cos[a - b~2/(4*c)]*FresnelS[(
b + 2*c*xx)/(Sqrt[cl*Sqrt[2xPil)])/(2xc~(3/2)) - (e~2*Sqrt[Pi/2]*FresnelC[(b

+ 2xc*x)/(Sqrt [c]*Sqrt [2#Pi])]*Sin[a - b~2/(4*c)])/(2*c~(3/2)) - ((2*c*xd -

bxe) “2*Sqrt [Pi/2] ¥*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[2*Pi])]*Sin[a - b~2/(
4xc)])/(4xc~(5/2)) + (ex(2*cxd - b*e)*Sinl[a + b*x + c*xx"2])/(4%c”2) + (ex(d

+ exx)*Sinfa + b*x + c*x72])/(2%c)

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433
Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3528
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Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] - Dist[Sin[(b"2 - 4x*axc)/
(4%c)], Int[Cos[(b + 2xc*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Cos[(b + 2*c*x)~2/(4*c)], x], x] + Dist[Sin[(b"2 - 4x*axc)/
(4%c)], Int[Sin[(b + 2xc*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3543

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symboll]
:> Simp[ex(Sin[a + b*x + c*x~2]/(2*c)), x] + Dist[(2*c*d - bxe)/(2*c), Int[
Cosl[a + bxx + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - bx*
e, 0]

Rule 3545

Int[Cos[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol] :> Simp[ex(d + exx)"(m - 1)*(Sin[a + b*x + c*x~2]/(2*c)), x] + (-Dist[
(bxe - 2%c*d)/(2%c), Int[(d + exx)~(m - 1)*Cos[a + b*x + c*xx~2], x], x] - D
ist[e™2*%((m - 1)/(2%c)), Int[(d + exx)"(m - 2)*Sin[a + b*x + c*x~2], x], x]
) /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2xc*d, 0] && GtQ[m, 1]

Rubi steps

i 2 2 [si b Hd —2cd + 1
/(d+ew)2cos(a+bx+cx2) dx:e(d+ex)s1n2(z+bz+cx)_e fs1n(a—|—2cz+cx) T (—2cd+

e(2cd — be)sin (a + bz + cx?)  e(d + ex)sin (a + bx + cx?)  (2cd -
- 4c? + 2c +

203/2 263/2

B (2cd—be)2\/§ cos <a—%>0(%) 62\/§ cos (a—%);

405/2 203/2

Mathematica [A]
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time = 1.24, size = 187, normalized size = 0.66

Vor HesnelC(ﬁ*ﬁ) ((—26d + be)? cos (a - iic) — 2ce? sin (a - %)) — V2 S(ﬁ*%) (2032 cos (a - %) + (—2cd + be)? sin (a - %i)) +2v/c e(4ed — be + 2cex) sin(a + (b + cz))
8c5/2

Antiderivative was successfully verified.

[In] Integrate[(d + exx)~2*Cos[a + b*x + c*x72],x]

[Out] (Sqrt[2*Pi]*FresnelC[(b + 2*c*x)/(Sqrt[c]*Sqrt[2*Pi])]*((-2*cxd + b*e) 2*Co
sla - b™2/(4*xc)] - 2xcxe"2*Sin[a - b"2/(4xc)]) - Sqrt[2+Pi]*FresnelS[(b + 2

xcxx) / (Sqrt [c]*Sqrt [2#Pi] )] *(2*cxe~2+Cos[a - b~2/(4*c)] + (-2xc*d + bxe) 2%

Sin[a - b™2/(4%c)]) + 2xSqrt[c]l*ex(4*cxd - bxe + 2xcxexx)*Sin[a + xx(b + c*
x)1)/(8%c~(5/2))

Maple [A]

time = 0.14, size = 396, normalized size = 1.39

method | result

N B e e il A

€ 2¢ - 3

e2zsin(cx?+bz+a
default ( 3 ) _ 5
C C

i —b2 i(4ac— 2 I3 c— 2
d2\/7? e_% erf<\/% x+“"> esz\/F e_w erf(\/’l? 4+ ib_ > iez\/F e_% erf(
risch v/ic + 2/ic ) _
4\/’1? 16c2\/i? 80\/’5

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2*cos(c*x~2+b*x+a),x,method=_RETURNVERBOSE)

[Out] 1/2*%e”2/c*x*sin(cxx”2+b*x+a)-1/2*xe”2*b/c*(1/2*sin(c*x”~2+b*x+a)/c-1/4*b/c~ (3
/2)*2~(1/2)*Pi~(1/2)*(cos ((1/4*b~2-a*c) /c) *FresnelC(2~(1/2) /Pi~(1/2)/c~(1/2
) * (cxx+1/2%b) )+sin((1/4xb~2-axc) /c) *FresnelS(2~(1/2) /Pi~(1/2) /c~ (1/2) * (c*x+
1/2%b))))-1/4%e~2/c~(3/2)*2~(1/2)*Pi~ (1/2) *(cos ((1/4*b~2-a*c) /c) *FresnelS (2
~(1/2)/Pi~(1/2) /c~(1/2) *(c*x+1/2%b) ) -sin((1/4%b~2-a*c) /c) *FresnelC(2~(1/2)/
Pi~(1/2)/c”(1/2)*(c*x+1/2*b) ) ) +d*e/c*sin(ckxx~2+b*x+a)-1/2*d*exb/c” (3/2) *2~(
1/2)*Pi~(1/2)*(cos((1/4%b~2-axc)/c)*FresnelC(2~(1/2)/Pi~(1/2)/c~(1/2) * (c*xx+
1/2%b))+sin((1/4%b~2-axc)/c)*FresnelS(2~(1/2)/Pi~(1/2)/c~(1/2)*(c*xx+1/2%b))
)+1/2%2~(1/2)*Pi~(1/2) /c~(1/2) *d~2*(cos ((1/4*b~2-a*c) /c) *FresnelC(2~(1/2) /P
17(1/2)/c”(1/2) *(c*x+1/2%b) ) +sin((1/4%b~2-a*c) /c) *FresnelS (2~ (1/2) /Pi~(1/2)
/c”(1/2) *(c*x+1/2%b) ))

Maxima [C] Result contains complex when optimal does not.
time = 1.39, size = 2271, normalized size = 7.97

Too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*cos(c*x~2+b*x+a),x, algorithm="maxima")

[Out] -1/8%sqrt(2)*sqrt(pi)*(((I - 1)*cos(-1/4*(b"2 - 4xaxc)/c) + (I + 1)*sin(-1/
4x(b~2 - 4*axc)/c))*xerf (1/2*(2*I*xc*xx + I*b)/sqrt(I*c)) + ((I + 1)*cos(-1/4x*
(b~2 - 4x*axc)/c) + (I - 1)*sin(-1/4*%(b"2 - 4xaxc)/c))*erf(1/2x(2xIxcxx + Ix*
b)/sqrt(-I*c)))*d~2/sqrt(c) + 1/8*x(((I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt(
(4%xI*c™2%x"2 + 4*I*b*cxx + I*b~"2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(
1/2%sqrt (- (4*I*c~2%x"2 + 4xIxb*c*x + I*b~2)/c)) - 1))*b~2xcos(-1/4*(b"2 - 4
xaxc)/c) + ((I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt((4*I*c"2xx"2 + 4*xIxbxc*x
+ I¥b"2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt(-(4*I*c~2*x"2 +
4xIxb*xc*x + I*b~2)/c)) - 1))*b~2*sin(-1/4*%(b"2 - 4*xaxc)/c) - 2x((-(I - 1)*
sqrt (2) *sqrt (pi) *(erf (1/2*sqrt ((4*I*c~2xx"2 + 4xIxb*xc*x + I*b~2)/c)) - 1) +
(I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt(-(4*I*xc~2%x"2 + 4xIxb*c*x + Ixb~2)/
c)) - 1))*b*c*cos(-1/4x(b"2 - 4xa*xc)/c) + (-(I + 1)*sqrt(2)*sqrt(pi)*(erf(1
/2%sqrt ((4*I*c™2%x"2 + 4xI*bkxcxx + I*¥b~2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(p
i)*(erf (1/2*sqrt (- (4*xI*xc~2*x"2 + 4*Ixb*c*x + I*b~2)/c)) - 1))*b*cxsin(-1/4%
(b™2 - 4xaxc)/c))*x - 4x(ck(Ixe”(1/4%(4xIxc™2xx"2 + 4xIxbxcxx + I*b~2)/c) -
Ixe~(-1/4%(4*I*c~2%x"2 + 4*xI*bkc*x + I*b~2)/c))*cos(-1/4*%(b"2 - 4*axc)/c)
- c*x(e”(1/4%(4xIxc™2xx"2 + 4xIxbxcxx + I*b~2)/c) + e~ (-1/4*%(4*xI*xc™2%x"2 + 4
xI*¥bxc*xx + I*¥b~2)/c))*sin(-1/4%(b"2 - 4xa*c)/c))*sqrt((4*c™2*x"2 + 4*bkc*x
+ b~2)/c))*d*e/ (c"2*sqrt ((4*c~2*xx"2 + 4*bxc*x + b~2)/c)) + 1/32*%(8*(((-(I -
1)*sqrt (2) *sqrt (pi)* (erf (1/2*sqrt ((4*xIxc~2*x"2 + 4xI*b*c*x + I*b~2)/c)) -
1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf (1/2xsqrt(-(4*I*c™2*x"2 + 4*I*xbxcxx + I*b
~2)/c)) - 1))*b"2xc”3 + 4x((I + 1)*sqrt(2)*gamma(3/2, 1/4*%(4*I*c™2xx"2 + 4%
Ixb*cxx + I*b~2)/c) - (I - 1)*sqrt(2)*gamma(3/2, -1/4*(4*xI*xc~2%x"2 + 4xIx*b*
cxx + Ixb~2)/c))*c”4)*cos(-1/4x (b2 - 4xaxc)/c) + ((-(I + 1)*sqrt(2)*sqrt(p
i)*(erf (1/2*sqrt ((4*xI*c~2*%x"2 + 4*I*bkcxx + I*b~2)/c)) - 1) + (I - 1)*sqrt(
2) *sqrt (pi)* (erf (1/2xsqrt (- (4*I*c™2*xx~2 + 4*Ixbxc*x + I*b~2)/c)) - 1))*b~2x
c™3 + 4x(-(I - 1)*sqrt(2)*gamma(3/2, 1/4*(4*I*c"2*xx"2 + 4*xIxbxc*x + I*b~2)/
c) + (I + 1)*sqrt(2)*gamma(3/2, -1/4%(4*xI*c”2%x"2 + 4*I*bkcxx + I*b~2)/c))*
c"4)*sin(-1/4*%(b~2 - 4xaxc)/c))*x~3 + 12x(((-(I - 1)*sqrt(2)*sqrt(pi)*(erf(
1/2*%sqrt ((4*I*c™2%x"2 + 4xIxbkcxx + I*b~2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(
pi)*(erf (1/2*xsqrt (- (4*xI*c~2%x~2 + 4*I*bkcxx + I*b~2)/c)) - 1))*b~3%c™2 + 4%
((I + 1)*sqrt(2)*gamma(3/2, 1/4*(4xI*c~2*x"2 + 4*I*b*cxx + I*b~2)/c) - (I -
1) *sqrt(2) *gamma (3/2, -1/4%(4xIxc"2*x"2 + 4*xIxbkckx + I*b~2)/c))*bxc~3)*co
s(-1/4%(b~2 - 4%axc)/c) + ((-(I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*xsqrt((4*Ixc”
2%x"2 + 4*Ixb*c*x + I*b~2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqr
t(-(4*I*c™2%x"2 + 4*xIxbxcxx + I*b~2)/c)) - 1))*b"3*c”2 + 4*(-(I - 1)*sqrt(2
)*gamma (3/2, 1/4%(4xI*xc”2*%x"2 + 4*I*bkcxx + I*b~2)/c) + (I + 1)*sqrt(2)*gam
ma(3/2, -1/4%(4xIxc~2xx"2 + 4xIxbxcxx + I*b~2)/c))*bxc~3)*sin(-1/4x(b"2 - 4
*xaxc)/c))*x"2 + 8x(bxc™2x(Ixe~(1/4*(4*xIxc~2%x"2 + 4xIxb*c*x + I*xb~2)/c) - I
xe” (-1/4* (4%I*c™2+x"2 + 4xIxbxcxx + Ixb~2)/c))*cos(-1/4x(b"2 - 4xaxc)/c) -
bxc™2x (e~ (1/4* (4*%I*c™2%x"2 + 4*Ixb*c*x + I*b~2)/c) + e~ (-1/4*(4*I*c™2%x"2 +
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4xIxbxckx + I*b~2)/c))*sin(-1/4%(b~2 - 4xaxc)/c))*((4*c™2%x"2 + 4*b*c*x +
b~2)/c)~(3/2) + 6% (((-(I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt((4*xI*c™2*x"2 +
4xIxb*xc*x + Ixb~2)/c)) - 1) + (I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*xsqrt(-(4*I
*xCT2%x"2 + 4xIxbxcxx + I*b72)/c)) - 1))*b~4xc + 4x((I + 1)*sqrt(2)*gamma(3/
2, 1/4%(4*I*c™2xx"2 + 4xIxbkxc*x + Ixb~2)/c) - (I - 1)*sqrt(2)*gamma(3/2, -1
/4x(4%I*c™2%x"2 + 4*I*b*c*x + I*b~2)/c))*b"2%c”~2)*cos(-1/4*%(b~2 - 4*axc)/c)
+ ((-(I + 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt((4*I*c~2xx"2 + 4xIxb*c*x + I*b
~2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt(-(4*xIxc™2%x"2 + 4xI*b
xcxx + I*b~2)/c)) - 1))*b"4xc + 4*%(-(I - 1)*sqrt(2)*gamma(3/2, 1/4*(4*xIxc~2
*x"2 + 4xIxbxcxx + I*b"2)/c) + (I + 1)*sqrt(2)*gamma(3/2, -1/4%(4xIxc™2xx"2
+ 4xI*xbkckx + I*b~2)/c))*b~2xc”2)*sin(-1/4*(b"2 - 4*a*c)/c))*x - (((I - 1)
*xsqrt (2) *sqrt (pi) *(erf (1/2*sqrt ((4*xI*c~2*%x"2 + 4*I*bxcxx + I*b~2)/c)) - 1)
- (I + 1)*sqrt(2)*sqrt(pi)*(erf (1/2xsqrt(-(4*I*c"2*x"2 + 4*Ixbxcxx + I*b~2)
/c)) - 1))*b"5 - 4x((I + 1)*sqrt(2)*gamma(3/2, 1/4*(4*xI*c”~2%x"2 + 4*I*b*ckx
+ I¥b"2)/c) - (I - 1)*sqrt(2)*gamma(3/2, -1/4%(4*I*c™2%x"2 + 4*I*bkckx + I
*b~2) /c))*b~3*c) *cos(-1/4% (b2 - 4xaxc)/c) - (((I + 1)*sqrt(2)*sqrt(pi)*(er
f(1/2xsqrt ((4*xIxc™2%x"2 + 4xIxb*c*x + I*b~2)/c)) - 1) - (I - 1)*sqrt(2)*sqr
t(pi)*(erf (1/2*sqrt (- (4*xI*xc~2*%x"2 + 4*I*b*cxx + I*¥b~2)/c)) - 1))*b~5 - 4x(-
(I - 1)*sqrt(2)*gamma(3/2, 1/4%(4*I*c™2%xx"2 + 4*Ixbxcxx + I*b~2)/c) + (I +
1)*sqrt(2) *gamma (3/2, -1/4*(4*I*c~2%x"2 + 4xIxb*c*x + I*b~2)/c))*b~3*c)*sin
(-1/4%x(b"2 - 4xaxc)/c))*e”2/(c”™4*x((4*c™2*x"2 + 4xb*c*x + b~2)/c)~(3/2))

Fricas [A]
time = 0.40, size = 231, normalized size = 0.81

e e
N Vo[
7

G
= ) +VZ (2mecos (—E58e2) €2 4 (Amchd? — dbede + me?)sin (—L5tec) ) \E s (

)
[c

VE (2moesin (—252 ) — (mcid? — dmbede + me?) cos (~ 542 ) ) e (

) —2(4c2de + (22 — be)e?) sin (cz? + bz + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) “2*cos(c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/8*(sqrt(2)*(2*pixcke~2*sin(-1/4*x (b2 - 4*a*xc)/c) - (4xpi*c~2*d"2 -
bxc*d*e + pi*b~2xe~2)*cos(-1/4%(b~2 - 4*axc)/c))*sqrt(c/pi)*fresnel_cos(1/2
*xsqrt (2) * (2*%c*x + b)*sqrt(c/pi)/c) + sqrt(2)*(2xpikckcos(-1/4*x(b"2 - 4*a*c)
/c)*e”2 + (4*pixc~2*%d”2 - 4xpixbxc*d*e + pi*b~2xe~2)*sin(-1/4*(b~2 - 4*axc)
/c))*sqrt(c/pi)*fresnel_sin(1/2*sqrt(2) *(2*c*x + b)*sqrt(c/pi)/c) - 2%(4*c™
2xd*e + (2xc”2xx - bxc)*e”2)*sin(c*x"2 + bxx + a))/c”3

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (d+ ex)?cos (a + bz + ca?) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**2*cos (ckx**2+b*x+a) ,x)

4xpix
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[Out] Integral((d + exx)**2*cos(a + b*x + c*xx**2), x)

Giac [C] Result contains complex when optimal does not.
time = 0.47, size = 565, normalized size = 1.98

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*cos(c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/4*sqrt(2)*sqrt(pi)*d~2*erf (-1/4*sqrt(2)*(2*x + b/c)*(-Ixc/abs(c) + 1)*sq
rt(abs(c)))*e”(-1/4%(I*¥b"2 - 4xIxa*c)/c)/((-Ixc/abs(c) + 1)*sqrt(abs(c))) -
1/4*sqrt (2) *sqrt (pi) *d~2*xerf (-1/4*sqrt (2) *(2*x + b/c)*(I*c/abs(c) + 1)*sqr
t(abs(c)))*e”(-1/4x(-I*¥b~2 + 4xIxa*c)/c)/((I*xc/abs(c) + 1)*sqrt(abs(c))) +
1/4%(sqrt (2) *sqrt (pi) *bxd*erf (-1/4*sqrt (2) *(2*x + b/c)*(-Ixc/abs(c) + 1)*sq
rt(abs(c)))*e”~(-1/4%(I*b~2 - 4*Ikaxc - 4*c)/c)/((-Ixc/abs(c) + 1)*sqrt(abs(
c))) - 2xIxdxe~(Ixc*x"2 + Ixbxx + I*a + 1))/c + 1/4x(sqrt(2)*sqrt(pi)*b*xd*e
rf(-1/4*sqrt(2)*(2*x + b/c)*(Ixc/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4%(-I*b~2
+ 4xIxa*xc - 4xc)/c)/((Ixc/abs(c) + 1)*sqrt(abs(c))) + 2xIxd*e” (-Ixc*xx"2 - I
*bxx - Ika + 1))/c - 1/16x(sqrt(2)*sqrt(pi)* (b2 + 2%Ikc)*erf (-1/4*sqrt(2)*
(2xx + b/c)*(-Ixc/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4*(I*b~2 - 4xIxaxc - 8%c)
/c)/ ((-Ixc/abs(c) + 1)*sqrt(abs(c))) - 2x(c*(-2*I*x - I*b/c) + 2xIxb)*e” (Ix*
c*x"2 + Ixb*x + Ixa + 2))/c”2 - 1/16%(sqrt(2)*sqrt(pi)*(b~2 - 2xI*c)*erf (-1
/4*sqrt (2)*(2*xx + b/c)*(Ixc/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4*x(-I*b~2 + 4x*I
xaxc — 8*c)/c)/((I*xc/abs(c) + 1)*sqrt(abs(c))) - 2*(c*(2xIxx + I*b/c) - 2xI
*b) ke~ (~Ixc*x~2 - I*b*x - Ixa + 2))/c"2

Mupad [F]
time = 0.00, size = -1, normalized size = -0.00

/cos (cz®+bz+a) (d+ex)’dr

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x + c*x"2)*(d + e*x)~2,x)

[Out] int(cos(a + b*x + c*x~2)*(d + e*x)~2, x)
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3.30 [(d + ex) cos (a + bx + cx?) dzx

Optimal. Leaf size=140

_ il _ v __bt2er _ T o —br2er Vgin(gq—2
(2¢d be)\/;cos (a 4C)FresnelC(\/Em) (2¢d be)\/;S(\/E\/%)sm (a 4C>+esin(a—|-

2c3/2 2c3/? f

[Out] 1/2*exsin(c*x~2+b*x+a)/c+1/4*(-b*e+2xc*xd)*cos(a-1/4*%b"2/c)*FresnelC(1/2* (2%
cxx+b) /c”™(1/2) %27 (1/2) /Pi~(1/2))*27(1/2)*Pi~(1/2) /c~(3/2)-1/4* (~b*xe+2%c*d) *
FresnelS(1/2*(2*c*x+b)/c~(1/2)*2°(1/2) /Pi~(1/2))*sin(a-1/4*b"2/c)*2~(1/2) *P
i~(1/2)/c~(3/2)

Rubi [A]
time = 0.05, antiderivative size = 140, normalized size of antiderivative = 1.00, number of

number of rules _
> integrand size 0.235,

steps used = 4, number of rules used = 4, integrand size = 17
Rules used = {3543, 3529, 3433, 3432}

E _ b _ b+2cx z : _ v _ b+2cx
\/; cos (a 40) (2¢d be)FresnelC(\/ﬁ\/E) \/; sin (a 4C> (2cd be)S<\/E\/27> N esin (a -+ b + c2?)

2c3/2 20c3/2 2c

Antiderivative was successfully verified.
[In] Int[(d + exx)*Cos[a + bxx + c*xx~2],x]

[Out] ((2*%cxd - b*e)*Sqrt[Pi/2]*Cos[a - b~2/(4*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*
Sqrt [2xPi])]1)/(2*c~(3/2)) - ((2*c*d - b*e)*Sqrt[Pi/2] *FresnelS[(b + 2x*c*x)/

(Sqrt [c]*Sqrt [2*Pi])]*Sin[a - b~2/(4%c)])/(2%xc~(3/2)) + (exSin[a + b*x + cx*
x~2])/(2%c)

Rule 3432

Int[Sin[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))#*FresnelS[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£*Rt[
d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4*xc)], Int[Cos[(b + 2*c*x)~2/(4*c)], x], x] + Dist[Sin[(b"2 - 4x*axc)/
(4xc)], Int[Sin[(b + 2%c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]
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Rule 3543

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sin[a + b*x + c*x~2]/(2*c)), x] + Dist[(2*c*d - bxe)/(2*c), Int[
Cos[a + b*xx + cxx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*cxd - bx
e, 0]

Rubi steps

esin (a + bz + cz?) N (2¢cd — be) [ cos (a+ bz + cz?) dz

/(d—i—ew) cos (a + bz + cz?) dz =

2c 2c
2 b+2czx)?
_ esin(a+ bz + cz?) . ((2cd— be) cos (a — 37)) | cos (_( 2 ) ) dz
B 2c 2c
_ il _ _ bt2cx _ m b
_(20d be),/2 cos(a 40)0(\/6_\/%)_(2% be),/25’<\/g
B 2c3/2 903/

Mathematica [A]
time = 0.64, size = 129, normalized size = 0.92

(2¢d — be) V2w cos (a - Z%) FresnelC <ﬁ> — (2¢cd — be)V2rm S(\/?\Q/C;?) sin (a - Z%) +24/c'esin(a + z(b + cz))
4c3/?

Antiderivative was successfully verified.

[In] Integrate[(d + exx)*Cos[a + b*x + c*xx"2],x]

[Out] ((2*cxd - b*e)*Sqrt[2*Pil*Cos[a - b~2/(4*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*
Sqrt [2*Pi])] - (2%c*d - bxe)*Sqrt[2*Pi]*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrtl[
2*Pi])]*Sin[a - b~2/(4*c)] + 2xSqrt[c]l*exSin[a + x*(b + c*x)])/(4*c~(3/2))

Maple [A]
time = 0.07, size = 182, normalized size = 1.30

method | result

VT Ve

) ( %00} ppeane (ﬁ <w+%>) = (\/5 <>)) VT
bV2 /T ( )F‘r IC + ( )s N 2/

esin(ca:2+bz+a) /T \/E
default 5 — o3
c
i(4ac—b2 i(4ac—b2 i(4ac—b2
d\/T e_(ﬂci) erf(\/ ic z—f-w) eb\/ T e_(ﬂci) erf(\/ ic z+ ib‘ > dy/ T e(‘zlci) erf(—\/j
2V 1C 2V 1C

risch — —
4\/E 80\/2'? 44/ —1c
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)*cos(c*x~2+b*x+a) ,x,method=_RETURNVERBOSE)

[Out] 1/2*exsin(c*x~2+b*x+a)/c-1/4*exb/c”(3/2)*2~(1/2)*Pi~(1/2)*(cos((1/4*b"2-a*c
)/c)*FresnelC(2°(1/2)/Pi~(1/2)/c~(1/2) *(c*x+1/2*xb) )+sin((1/4xb~2-a*c) /c)*Fr
esnelS(2°(1/2)/Pi~(1/2)/c~(1/2) *(c*x+1/2xb)))+1/2%2~(1/2)*Pi~(1/2) /c~(1/2) *
d*(cos((1/4*b~2-axc)/c)*FresnelC(2"°(1/2)/Pi~(1/2)/c~(1/2) *(c*x+1/2*b))+sin(
(1/4xb~2-a*xc)/c)*FresnelS(2°(1/2)/Pi~(1/2)/c~(1/2) *(c*x+1/2%*b)))

Maxima [C] Result contains complex when optimal does not.
time = (.76, size = 696, normalized size = 4.97

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*cos(c*x~2+b*x+a),x, algorithm="maxima")

[Out] -1/8+*sqrt(2)*sqrt(pi)*(((I - 1)*cos(-1/4*(b~2 - 4*axc)/c) + (I + 1)*sin(-1/
4x (b2 - 4xaxc)/c))*xerf(1/2*(2xI*c*x + Ixb)/sqrt(Ixc)) + ((I + 1)*cos(-1/4*
(b™2 - 4xaxc)/c) + (I - 1)*sin(-1/4*x(b"2 - 4*a*c)/c))*erf(1/2x(2*I*c*x + Ix
b)/sqrt(-I*c)))*d/sqrt(c) + 1/16*%(((I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt((
4xI*c™2%x"2 + 4xIxbkcxx + I*b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(l
/2%sqrt (- (4*Ixc™2+x"2 + 4xIxb*c*x + Ix*b~2)/c)) - 1))*b~2*cos(-1/4*(b"2 - 4x
axc)/c) + ((I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt((4*xI*c~2*%x"2 + 4*I*bkc*x
+ Ixb~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf (1/2*sqrt(-(4*xI*c”2*x"2 +
4xIxbxcxx + I*¥b~2)/c)) - 1))*b~2xsin(-1/4*%(b~2 - 4xaxc)/c) - 2x((-(I - 1)*s
qrt (2) *sqrt (pi) *(erf (1/2*sqrt ((4*I*c~2*%x"2 + 4*I*bxc*x + I*b~2)/c)) - 1) +
(I + 1)*sqrt(2)*sqrt(pi)*(erf(1/2*sqrt(-(4*xI*xc~2%x"2 + 4xIxb*c*x + I*b~2)/c
)) = 1))*b*cxcos(-1/4%(b"2 - 4*a*xc)/c) + (-(I + 1)*sqrt(2)*sqrt(pi)*(erf(1/
2xsqrt ((4*I*c™2xx"2 + 4*xIxbxc*x + I*b~2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(pi
)*(erf (1/2*sqrt (- (4*xI*c™2*%x"2 + 4*I*bkcxx + I*b~2)/c)) - 1))*b*cksin(-1/4x(
b~2 - 4xaxc)/c))*x - 4*x(cx(Ixe”(1/4*%(4*I*c™2%x"2 + 4xIxbxcxx + I*b~2)/c) -
Ixe” (-1/4*(4xI*xc™2%x"2 + 4xIxb*c*x + I*b~2)/c))*cos(-1/4%(b"2 - 4xaxc)/c) -
ck(e”(1/4%(4xI*c™2%x"2 + 4xI*bkcxx + I*b~2)/c) + e~ (-1/4*(4*xI*c™2%x"2 + 4x
Ixb*c*kx + I*b~2)/c))*sin(-1/4% (b2 - 4xa*c)/c))*sqrt((4*c™2*x"2 + 4*bkckxx +
b~2)/c))*e/(c"2*sqrt ((4*c™2*x"2 + 4*b*c*x + b~2)/c))

Fricas [A]
time = 0.42, size = 141, normalized size = 1.01

c ) \/_‘(201+b) ‘ \/_‘(2w+b) ‘ ,
V2 (2med — mbe) | 5 o8 (—%) C V2 (2 med — be) f sin (—b Ziac) +2cesin (cz? + bz + a)

4c?
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*cos(c*xx~2+b*x+a),x, algorithm="fricas")

[Out] 1/4%(sqrt(2)*(2xpikcxd - pixbxe)*sqrt(c/pi)*cos(-1/4*(b"2 - 4xa*c)/c)*fresn
el_cos(1/2xsqrt(2)*(2*cxx + b)*sqrt(c/pi)/c) - sqrt(2)*(2xpixcxd - pixbxe)=*
sqrt(c/pi)*fresnel_sin(1/2*sqrt(2)*(2xcxx + b)*sqrt(c/pi)/c)*sin(-1/4x(b"2

- 4xaxc)/c) + 2xcxe*sin(c*x”2 + b*x + a))/c”2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (d + ex) cos (a + bz + cz?) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*cos(ckx**2+bxx+a),x)
[Out] Integral((d + e*x)*cos(a + b*x + cxx**2), x)

Giac [C] Result contains complex when optimal does not.
time = 0.49, size = 325, normalized size = 2.32

i siac) o\ (o=itPisia ) 9l 9i l—icri—ibr—iatl)
VE VR deif (-1VE 2 DVIT) el ) v yrdent (<4 V2 (a4 4) (3 +1) VIT ) o) a) Vi e . [N e

a+)(-g+ i .
4(-g5+ 1) VT (5 +1)Vid 8¢ 8¢

L VEVE e VE (sa2) () VI )e ) iery | VEVE bt VT (aad) (s500) VI )L )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*cos(c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/4*sqrt(2)*sqrt(pi)*d*erf (-1/4*sqrt(2)*(2*x + b/c)*(-I*c/abs(c) + 1)*sqrt
(abs(c)))*e”(-1/4%(I*b~2 - 4xI*axc)/c)/((-I*c/abs(c) + 1)*sqrt(abs(c))) - 1
/4*xsqrt (2) *sqrt (pi) *d*erf (-1/4*sqrt (2)*(2*x + b/c)*(Ixc/abs(c) + 1)*sqrt(ab
s(c)))*e~(-1/4%(-I*b~2 + 4xIxa*xc)/c)/((I*c/abs(c) + 1)*sqrt(abs(c))) + 1/8%
(sqrt (2) *sqrt (pi) *bxerf (-1/4*sqrt (2) *(2*xx + b/c)*(-I*c/abs(c) + 1)*sqrt(abs
(c)))*e~(-1/4*%(I*#b"2 - 4xIxa*c - 4xc)/c)/((-I*xc/abs(c) + 1)*sqrt(abs(c))) -
2xIxe~ (I*c*xx~2 + I*bxx + Ik*a + 1))/c + 1/8*(sqrt(2)*sqrt(pi)*bxerf(-1/4*sq
rt(2)*(2*xx + b/c)*(I*c/abs(c) + 1)*sqrt(abs(c)))*e”(-1/4*(-Ixb~2 + 4*xIxa*c
- 4xc)/c)/((Ixc/abs(c) + 1)xsqrt(abs(c))) + 2xIxe~(-I*c*x~2 - I*b*x - Ixa +
1)/c

Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/cos (cz®+bz+a) (d+ex)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x + c*x"2)*(d + e*x),x)

[Out] int(cos(a + b*x + c*x"2)*(d + e*x), x)
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331 [l g

Optimal. Leaf size=22

2
Int<cos(a—|—bx+cx ),w)
d+ex

[Out] Unintegrable(cos(c*x~2+b*x+a)/(e*x+d) ,x)

Rubi [A]
time = 0.01, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ g
integrand size ’

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

dz

/ cos (a + bz + cz?)
d+ex

Verification is not applicable to the result.

[In] Int[Cos[a + b*x + c*xx~2]/(d + e*x),x]

[Out] Defer[Int] [Cos[a + b*x + c*x~2]/(d + exx), x]
Rubi steps

dx

/cos (a + bz + cx?) /cos (a + bz + cz?)
dr =
d+ex d+ex

Mathematica [A]
time = 6.05, size = 0, normalized size = 0.00

/ cos (a + bx + cz?)
d+ezx

dz

Verification is not applicable to the result.

[In] Integrate[Cos[a + b*x + c*x~2]/(d + e*x),x]
[Out] Integrate[Cos[a + b*x + c*x72]/(d + e*x), x]
Maple [A]

time = 0.05, size = 0, normalized size = 0.00

/ cos (cx? + bx + a)

ex+d dz

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(cos(c*x~2+b*xx+a)/(e*xx+d) ,x)

[Out] int(cos(c*x~2+b*x+a)/(exx+d) ,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x™2+b*x+a)/(e*x+d),x, algorithm="maxima")

[Out] integrate(cos(c*x"2 + b*x + a)/(x*e + d), x)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)/(e*x+d),x, algorithm="fricas")

[Out] integral(cos(c*x”2 + bxx + a)/(xxe + d), x)
Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

2
/cos(a—l—bx+cm )dx
d+ezx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x**2+b*x+a)/(e*xx+d) ,x)

[Out] Integral(cos(a + b*x + c*x**2)/(d + e*x), x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)/(e*x+d),x, algorithm="giac")

[Out] integrate(cos(c*x~2 + b*x + a)/(x*e + d), x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.05

/ cos (cz? + bz + a) s

d+ex
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x + c*x"2)/(d + e*x),x)

[Out] int(cos(a + b*x + c*x~2)/(d + e*x), x)
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3.32 [(d + ex)? cos® (a + bz + cx?) dzx

Optimal. Leaf size=291

_ 2 b b+2cz 2 b b+2cx 2
(d+ex)3+(20d be)2\/" cos <2a 26) FresnelC(\/E\/F> e2\/T’ cos <2a 20)8(—\/5\/7?) €2/

Ge 16¢5/2 16¢3/2

[Out] 1/6%(e*x+d) ~3/e+1/16*ex(~b*e+2xc*d)*sin (2*c*x”~2+2xb*x+2%a)/c~2+1/8*e* (exx+d
)*sin (2*c*xx~2+2*%b*x+2*a) /c+1/16* (—b*e+2*c*d) “2*cos (2*a-1/2*xb"2/c) *FresnelC(
(2%cxx+b) /c~(1/2) /Pi~(1/2))*Pi~(1/2)/c~(5/2)-1/16%e~2*cos (2*%a-1/2%¥b"2/c) *Fr
esnelS((2*c*x+b)/c~(1/2)/Pi~(1/2))*Pi~(1/2)/c~(3/2)-1/16%e"2*xFresnelC((2*cx*
x+b)/c~(1/2) /Pi~(1/2) ) *sin(2*a-1/2*b~2/c)*Pi~(1/2) /c~(3/2)-1/16* (~b*xe+2*c*d

) "2+FresnelS ((2xc*x+b) /c~(1/2)/Pi~(1/2))*sin(2*a-1/2*b~2/c)*Pi~(1/2)/c~(5/2

)

Rubi [A]
time = 0.24, antiderivative size = 291, normalized size of antiderivative = 1.00, number of

number of rules _
' integrand size 0.333,

steps used = 10, number of rules used = 7, integrand size = 21
Rules used = {3549, 3545, 3543, 3529, 3433, 3432, 3528}

cos (2 — 2 — be)2Fres bi2e . _® be)? bi2er 2 _® snelC [ _tt2es 2 s (2q — & bi2er
Vi cos (20— £ (2¢d — be) anelc(m) Vi sin (20— £) (20 - be) S(W) Vi etsin (20 E)Fre;nel(,(m) Veteos (2a 1)5(77) (20— be)sin (20 4 2z 4 2e0%)

4 4 e(d + ex) sin (2a + 2bz + 2c2?) N (d+ex)®
16c5/2 16c°2 16c%/2 16¢3/2 16¢2 8c 6e

Antiderivative was successfully verified.
[In] Int[(d + exx)"2*Cos[a + b*x + c*x~2]"2,x]

[Out] (d + e*x)"3/(6%e) + ((2*c*d - b*e) “2xSqrt[Pi]*Cos[2*a - b~2/(2*c)]*FresnelC
[(b + 2%c*x)/(Sqrtcl*Sqrt[Pi])])/(16%c~(5/2)) - (e~2*Sqrt[Pi]*Cos[2*a - b~

2/ (2*c)]*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[Pi]l)])/(16%xc~(3/2)) - (e~2*Sqrt
[Pi]*FresnelC[(b + 2xc*x)/(Sqrt[c]*Sqrt[Pi])]*Sin[2*a - b~2/(2*c)])/(16%c~(

3/2)) - ((2*c*d - b*e) "2xSqrt [Pi]l*FresnelS[(b + 2*c*x)/(Sqrt[c]*Sqrt[Pi])]*
Sin[2*a - 72/(2%c)]1)/(16%c™(5/2)) + (e*(2*c*d - b*e)*Sin[2*a + 2%b*x + 2%c
*x72])/(16%c”2) + (ex(d + exx)*Sin[2%a + 2*¥b*x + 2*c*x~2])/(8*c)

Rule 3432

Int[Sin[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433
Int[Cos[(d_.)*((e_.) + (f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[

d, 2]))*FresnelC[Sqrt[2/Pil*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3528



156

Int[Sin[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Sin[(b + 2*c*x)~2/(4*c)], x], x] - Dist[Sin[(b"2 - 4x*axc)/
(4%c)], Int[Cos[(b + 2xc*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Cos[(b + 2*c*x)~2/(4*c)], x], x] + Dist[Sin[(b"2 - 4x*axc)/
(4%c)], Int[Sin[(b + 2xc*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b~2 - 4xaxc, 0]

Rule 3543

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sin[a + b*x + c*x~2]/(2%c)), x] + Dist[(2*c*d - bxe)/(2*c), Int[
Cos[a + b*x + c*x72], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b*
e, 0]

Rule 3545

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sym
bol] :> Simp[ex(d + exx)"(m - 1)*(Sin[a + b*x + c*x~2]/(2*c)), x] + (-Dist[
(bxe - 2*c*d)/(2%c), Int[(d + exx)~(m - 1)*Cos[a + b*x + c*xx~2], x], x] - D
ist[e™2*%((m - 1)/(2%c)), Int[(d + exx)"(m - 2)*Sin[a + b*x + c*x~2], x], x]
) /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*e - 2xc*d, 0] && GtQ[m, 1]

Rule 3549

Int[Cos[(a_.) + (b_.)*(x_) + (c_)*(x_)"2]1"(n_)*((d_.) + (e_.)*(x_))"(m_.),
x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)“m, Cos[a + b*x + c*x~2]"n, x],
x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rubi steps
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/(d + ex)? cos® (a + br + cz®) dz = / <l(d + ex)® + %(d + ex)? cos (2a + 2bz + 2cx2)) dx

% + - 5 /(d—l—ex)Qcos (2a + 2bz + 2c2”) dz
_ (d+ex)? N e(d + ex)sin (2a + 2bx + 2cz®) € [sin (2a + 2bz + 2
B 6e 8c 8c
(d+ex)® e(2cd — be)sin (2a + 2bx + 2cz®)  e(d + ex)sin (2a +
= + +
6e 16¢2 8¢
2 2 b? b+2cx C< b+2cx
=(d+€x)3_e 7TCOS<CL ) (f\/—> 6f ff
6e 16¢3/2 16¢
_ b b+2cx 2
_(d—l—ew)3 (2cd — be)? \/—cos<2a >C(\/E\/7?) _e\/FC(
- 6e 16¢5/2

Mathematica [A]
time = 1.08, size = 215, normalized size = 0.74

3\/7?F‘resnelc<\/"§2\'/’;,?> ((-m + be)? cos (2a - g) — ce?sin (m - g)) - 3¢1?s( ‘/';:2\77?) (ce_# cos (2a - g) + (—2cd + be)? s (2 - 7)) + /G (8c2(3d? + 3dex + ¢%a?) + 3e(4cd — be + 2cex) sin(2(a + (b + cx))))
18

Antiderivative was successfully verified.

[In] Integrate[(d + exx)~2*Cos[a + b*x + c*x~2]72,x]

[Out] (3*Sqrt[Pi]*FresnelC[(b + 2xc*x)/(Sqrt[c]*Sqrt[Pi])]*((-2*cxd + b*e) 2*Cos[
2*xa - b"2/(2%c)] - cxe”2#Sin[2*a - b~2/(2*c)]) - 3*Sqrt[Pi]*FresnelS[(b + 2

xcxx) /(Sqrt [c]*Sqrt [Pi])]*(c*e"2*Cos[2*a - b72/(2xc)] + (-2xcxd + bxe) ~2%Si
n[2xa - b°2/(2%c)]) + Sqrtlcl*(8*c™2xx*(3%d"2 + 3xd¥exx + e~2%x"2) + 3%ex(4

xcxd - bke + 2%cke*xx)*Sin[2x(a + x*x(b + c*x))]))/(48%c~(5/2))

Maple [A]

time = 0.21, size = 378, normalized size = 1.30

method | result

—4actb? 2cz+b . (-4 +b2> 2eatb
2b sin (26 z2+2bz+2a) b'\/F (cos( a2CC ) FresnelC ( ﬁzﬁ ) +sln( a’2cc S ( \/gmﬁ

€ 4c -

4c2
e2z sin (20 z2 -|—2bx-|—2a)
8c 4c

default
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1,4a.c b2

dz\/— # f erf f vV iC =+ lbf e2b24/T e ﬂi f erf f A
risch a?de 4 od? 4 o A +
2 2 6 16v/ic 64c2/ic

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2*cos(c*x"2+b*x+a) ~2,x,method=_RETURNVERBOSE)

[Out] 1/8*e"2/c*x*sin(2*c*x~2+2%b*x+2%a)-1/4*e"2xb/c*(1/4*sin (2*c*x™2+2*bxx+2%*a)/
c-1/4%b/c”(3/2)*Pi~(1/2)*(cos (1/2* (-4*a*c+b~2) /c) *FresnelC((2*c*x+b) /c~(1/2
)/Pi~(1/2))+sin(1/2* (-4*a*xc+b~2) /c)*FresnelS ((2xc*x+b)/c~(1/2)/Pi~(1/2))))-
1/16xe~2/c~(3/2)*Pi~(1/2) *(cos (1/2* (-4*xa*xc+b~2) /c)*FresnelS ((2*c*x+b) /c~(1/
2)/Pi~(1/2))-sin(1/2*(-4*a*xc+b~2) /c) *FresnelC((2*c*x+b)/c~(1/2)/Pi~(1/2)))+
1/4xd*e/cxsin(2*c*x”2+2xb*xx+2*a) -1/4*d*e*xb/c~(3/2)*Pi~(1/2) *(cos (1/2* (-4*ax
c+b~2) /c) *FresnelC((2*c*x+b) /c~(1/2) /Pi~(1/2) ) +sin(1/2* (-4*a*xc+b~2) /c) *Fres
nelS((2*cxx+b) /c~(1/2)/Pi~(1/2)))+1/4*xPi~(1/2)/c”(1/2)*d"2*(cos (1/2* (-4*xax*c

+b~2) /c)*FresnelC((2*c*xx+b) /c~(1/2) /Pi~(1/2))+sin(1/2*(-4*a*xc+b~2) /c) *Fresn
elS((2xc*xx+b) /c™(1/2) /Pi~(1/2)))+1/2%x"2*d*e+1/2xx*d~2+1/6*x"3*xe"2

Maxima [C] Result contains complex when optimal does not.
time = 1.40, size = 2360, normalized size = 8.11

Too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) “2*cos(c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] -1/32%(47(1/4)*sqrt(2)*sqrt(pi)*(((I - 1)*cos(-1/2x(b"2 - 4*a*c)/c) + (I +
1)*sin(-1/2%(b~2 - 4*axc)/c))*erf ((2xIxc*x + I*b)/sqrt(2*Ixc)) + ((I + 1)*c
os(-1/2x(b~2 - 4*a*xc)/c) + (I - 1)*sin(-1/2%(b~2 - 4*axc)/c))*erf ((2*Ixc*x
+ Ixb)/sqrt(-2*%Ixc)))*c~(3/2) - 16%c™2*xx)*d"2/c”2 + 1/32*sqrt(2)*(((I - 1)=*
sqrt (2) *sqrt (pi) * (erf (sqrt (1/2) *sqrt ((4*xI*c~2*x"2 + 4*I*bxcxx + I*b~2)/c))
- 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*xIxc~2%x"2 + 4xI*b*c
*x + I*b~2)/c)) - 1))*b~2*cos(-1/2%(b"2 - 4xa*c)/c) + ((I + 1)*sqrt(2)*sqrt
(pi)*(erf (sqrt(1/2) *sqrt ((4*I*xc~2*xx"2 + 4*Ixb*c*x + I*b~2)/c)) - 1) - (I -
1) *sqrt (2) *sqrt (pi)* (erf (sqrt (1/2) *sqrt (- (4*xI*c~2%x"2 + 4*I*bkcxx + I*b~2)/
c)) - 1))*b~2*sin(-1/2*(b"2 - 4x*a*c)/c) - 2*((-(I - 1)*sqrt(2)*sqrt(pi)*(er
f(sqrt(1/2)*sqrt ((4*I*c"2xx~2 + 4*xIxbxc*x + I*b~2)/c)) - 1) + (I + 1)*sqrt(
2)*sqrt (pi)*(erf (sqrt(1/2) *sqrt (- (4*Ixc~2*x~2 + 4*I*bxc*x + I*b~2)/c)) - 1)
)*¥b*c*xcos(-1/2x(b"2 - 4xa*xc)/c) + (-(I + 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)
*xsqrt ((4*Ixc™2%x"2 + 4xIxb*c*x + Ixb~2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(pi)
*x(erf (sqrt(1/2) *sqrt (- (4*I*c~2*%x"2 + 4*I*bxcxx + I*b~2)/c)) - 1))*b*c*xsin(-
1/2%(b~2 - 4*axc)/c))*x + 2*sqrt(2)*(4xc™2*x"2 - cx(I*xe” (1/2x(4*xI*c™2%x"2 +
4xIxbkckx + I*b~2)/c) - I*e™(-1/2%(4xIxc™2xx"2 + 4xIxbxcxx + I*b~2)/c))*co
s(-1/2%(b"2 - 4*a*xc)/c) + ckx(e”(1/2%(4xI*c™2%x"2 + 4*Ixbxcxx + I*b~2)/c) +
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e~ (-1/2%(4xI*c™2*%x"2 + 4*I*bxcxx + I*b~2)/c))*sin(-1/2%(b~2 - 4*axc)/c))*sq
rt ((4*c™2*%x"2 + 4*b*c*x + b~2)/c))*d*e/(c"2xsqrt ((4*c™2*x"2 + 4*bkxcxx + b~2
)/c)) - 1/384xsqrt(2)*(24x((((I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt((
4xI*c™2%x"2 + 4xI*bkcxx + I*b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(s
qrt (1/2) *sqrt (- (4*I*c”™2*x"2 + 4*I*xbxcxx + I*b~2)/c)) - 1))*b"2xc~3 + 2% (- (I
+ 1)*sqrt(2)*gamma (3/2, 1/2%(4*xI*c~2*x"2 + 4*I*bkcxx + I*b~2)/c) + (I - 1)
*xsqrt (2) xgamma (3/2, -1/2%(4xIxc~2%x"2 + 4*I*b*cxx + I*b~2)/c))*c~4)*cos(-1/
2% (b2 - 4xaxc)/c) + (((I + 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt((4*Ixc”
2%xx"2 + 4*Ixb*c*x + I*b~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/
2) *sqrt (- (4*I*c™2*x"2 + 4xIkbkc*x + I*b~2)/c)) - 1))*b"2%c™3 + 2% ((I - 1)*s
qrt (2)*gamma (3/2, 1/2*%(4*I*c"2*xx"2 + 4*xIxbxc*x + I*b~2)/c) - (I + 1)*sqrt(2
)*gamma (3/2, -1/2%(4*I*c~2xx"2 + 4xIxb*c*x + I*b~2)/c))*c”4)*sin(-1/2*%(b"2
- 4xaxc)/c))*x~3 + 36%((((I - 1)*sqrt(2)*sqrt(pi)*(erf (sqrt(1/2)*sqrt ((4xIx
Cc™2xx"2 + 4*xIxb*cxx + I*b~2)/c)) - 1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(
1/2) *sqrt (- (4*I*c™2*x"~2 + 4xIxbkckx + I*b~2)/c)) - 1))*b~3*c™2 + 2x(-(I + 1
) *sqrt (2) *gamma (3/2, 1/2%(4*I*c~2%x"2 + 4xIxb*c*x + Ixb~2)/c) + (I - 1)*sqr
t(2)*gamma (3/2, -1/2%(4xIxc”2*x"2 + 4*I*b*cxx + I*b~2)/c))*bxc~3)*cos(-1/2*
(b~2 - 4x*axc)/c) + (((I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt((4*I*c™2x%
X"2 + 4xIxbxc*x + I*b~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)
*s5qrt (- (4*I*c™2%x"2 + 4xIkbkc*x + I*b~2)/c)) - 1))*b"3*c™2 + 2+ ((I - 1)*sqr
t(2)*gamma (3/2, 1/2%(4xI*c”2%x"2 + 4*Isbxcxx + I*b~2)/c) - (I + 1)*sqrt(2)*
gamma (3/2, -1/2%(4xI*c”2*%x"2 + 4*I*b*cxx + I*b~2)/c))*bxc”3)*sin(-1/2*(b~2
- 4xaxc)/c))*x"2 - 4xsqrt(2)*(8*c™4*x"3 - 3*bkxc"2x(-I*e” (1/2%(4*I*c™2*xx"2 +
4xIxbxcxx + I*b~2)/c) + Ixe”(-1/2%(4*I*c”2*xx"2 + 4xIxbkc*x + I*b~2)/c))*co
s(-1/2x(b"2 - 4x*axc)/c) - 3*b*xc™2%(e” (1/2%(4*I*c™2%x"2 + 4*I*bkc*x + I*b~2)
/c) + e7(-1/2%(4xIxc™2xx"2 + 4xIxbxcxx + I*b~2)/c))*sin(-1/2%(b~2 - 4xaxc)/
c))*((4xc™2%x"2 + 4xb*c*x + b~2)/c)~(3/2) + 18+x((((I - 1)*sqrt(2)*sqrt(pi)*
(erf (sqrt(1/2) *sqrt ((4*xIxc~2%x"2 + 4*I*bkcxx + I*b~2)/c)) - 1) - (I + 1)*sq
rt(2) *sqrt (pi)*(erf (sqrt (1/2) *sqrt (- (4*xIxc~2%x"2 + 4xI*b*c*x + I*b~2)/c)) -
1))*b~4*xc + 2% (-(I + 1)*sqrt(2)*gamma(3/2, 1/2%x(4*I*c™2%x"2 + 4xIxb*c*x +
Ixb~2)/c) + (I - 1)*sqrt(2)*gamma(3/2, -1/2%(4*I*c”2%x"2 + 4*I*b*c*x + I*b~
2)/c))*b~2xc~2)*cos(-1/2%(b~2 - 4*axc)/c) + (((I + 1)*sqrt(2)*sqrt(pi)*(erf
(sqrt(1/2)*sqrt ((4*I*c~2xx"2 + 4xIxbxc*x + I*b~2)/c)) - 1) - (I - 1)*sqrt(2
)*sqrt (pi)*(erf (sqrt(1/2) *sqrt (- (4*xIxc~2+x"2 + 4xIxb*c*x + I*b~2)/c)) - 1))
*b~4xc + 2x((I - 1)*sqrt(2)*gamma(3/2, 1/2%(4*I*c”2%x"2 + 4xIxb*c*x + I*xb~2
)/c) - (I + 1)*sqrt(2)*gamma(3/2, -1/2%(4*xIxc"2%x"2 + 4*I*b*cxx + I*b~2)/c)
)*¥b~2%c”"2) *sin(-1/2%x(b"2 - 4*a*xc)/c))*x + 3*(((I - 1)*sqrt(2)*sqrt(pi)*(erf
(sqrt(1/2)*sqrt ((4*I*c~2xx"2 + 4xIxbxc*x + I*b~2)/c)) - 1) - (I + 1)*sqrt(2
)*sqrt (pi)*(erf (sqrt(1/2) *sqrt (- (4*Ixc~2+%x"2 + 4xIxb*c*x + Ixb~2)/c)) - 1))
*b~5 + 2% (-(I + 1)*sqrt(2)*gamma(3/2, 1/2%(4*I*c”2%x"2 + 4*I*bkcxx + I*b~2)
/c) + (I - 1)*sqrt(2)*gamma(3/2, -1/2*(4xI*c"2%x"2 + 4*Ixbxcxx + I*b~2)/c))
*b~3*c)*cos(-1/2%(b~2 - 4*axc)/c) + 3*x(((I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(
1/2)*sqrt ((4*I*c~2%x"2 + 4xIxb*c*x + I*b~2)/c)) - 1) - (I - 1)*sqrt(2)*sqrt
(pi)*(erf (sqrt(1/2) *sqrt (- (4*I*c~2xx~2 + 4*Ixbxc*x + I*b~2)/c)) - 1))*b~5 +
2% ((I - 1)*sqrt(2)*gamma(3/2, 1/2%(4*I*c™2*x~2 + 4*Ixbxc*x + I*b~2)/c) - (
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I + 1)*sqrt(2)*gamma(3/2, -1/2%(4*xI*c”2*%x"2 + 4*I*bxcxx + I*b~2)/c))*b~3%c)
*sin(-1/2%(b~2 - 4*axc)/c))*e”2/(c”™4x((4*c™2*x"2 + 4xb*cxx + b~2)/c)~(3/2))
Fricas [A]

time = 0.42, size = 258, normalized size = 0.89

[ fe
= [aeny /S | | o e[S
8ciate? + 24 cMdae + 24 iz + 6 (4c*de + (2¢%x — be)e?) cos (ca? + ba + a) sin (tr"+b1’+a)73<ﬂcezsm (J’;—’) 7(4wc7d‘74wbcdc+ﬂb‘cz)ms(f%))\‘§% c( f\ T ) 73(ncos (7%) € + (4mcid? — dbede + mb%e?) sin (7%)) \;g s( /\' s )

48

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*cos(c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] 1/48%(8%c™3%x"3%e”2 + 24*c~3*d*x"2%e + 24xc™3*d"2*x + 6%(4*c™2*d*e + (2%xc”2
*X — b*c)*e”2)*cos(c*x"2 + b*x + a)*sin(c*x"2 + bxx + a) - 3*(pik*cxe~2*sin(
-1/2%(b"2 - 4xaxc)/c) - (4*pi*c™2*d"2 - 4*pixb*ck*d*e + pixb~2*e~2)*cos(-1/2

*(b"2 - 4xaxc)/c))*sqrt(c/pi)*fresnel_cos((2*c*xx + b)*sqrt(c/pi)/c) - 3*(pi
xcxcos (-1/2%(b™2 - 4xaxc)/c)*e”2 + (4xpi*c™2xd"2 - 4xpi*bkckxdxe + pi*b~2*e”
2)*sin(-1/2%(b~2 - 4xaxc)/c))*sqrt(c/pi)*fresnel_sin((2*c*x + b)*sqrt(c/pi)
/c))/c”3

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (d + ex)? cos? (a+ bz +cz®) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**2*cos(c*xx**2+bxx+a)**2,x)
[Out] Integral((d + exx)**2kcos(a + b*x + Ckx**2)*x2, x)

Giac [C] Result contains complex when optimal does not.
time = 0.53, size = 536, normalized size = 1.84

) ) VRuna(-4VE re8) 1))
Jrm—

(vt +0)) o5 e (e s (f+1) o5 -
DGETD] e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) “2*cos(c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] 1/6%x"3%e”2 + 1/2xd*x"2%e + 1/2%d”2*x - 1/8*sqrt(pi)*d~2xerf (-1/2*sqrt(c)*(
2xx + b/c)*(-I*c/abs(c) + 1))*e”(-1/2%(I*b~2 - 4*Ixaxc)/c)/(sqrt(c)*(-I*c/a
bs(c) + 1)) - 1/8*sqrt(pi)*d~2*erf(-1/2*sqrt(c)*(2*x + b/c)*(I*c/abs(c) + 1
))*e~(-1/2%(-I*b~2 + 4*Ixaxc)/c)/(sqrt(c)*(I*c/abs(c) + 1)) + 1/8x(sqrt(pi)
xb*d*erf (-1/2xsqrt(c)*(2*x + b/c)*(-I*c/abs(c) + 1))*e”(-1/2%(I*b~2 - 4x*I*a
xc - 2xc)/c)/(sqrt(c)*(~I*c/abs(c) + 1)) - Ikd*e™ (2xIxcxx~2 + 2xIxbxx + 2%I
*a + 1))/c + 1/8%(sqrt(pi)*b*d*erf (-1/2xsqrt(c)*(2*x + b/c)*(I*c/abs(c) + 1
))*xe~(-1/2%(-Ixb~2 + 4xIxaxc - 2*c)/c)/(sqrt(c)*(I*c/abs(c) + 1)) + Ixdxe~(
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—2%I*c*x~2 — 2%I*bxx — 2*I*a + 1))/c - 1/32%((cx(2xI*x + I*b/c) - 2xIxb)*e”
(2%xI*c*x™2 + 2xI*b*x + 2xIxa + 2) + sqrt(pi)*(b~2 + Ixc)*erf(-1/2*sqrt(c)*(

2xx + b/c)*(-I*c/abs(c) + 1))*e”(-1/2x(I*b~2 - 4*xIxaxc - 4*c)/c)/(sqrt(c)*(

-Ixc/abs(c) + 1)))/c”2 - 1/32%((c*(-2xI*x - I*b/c) + 2*Ixb)*e” (-2*I*c*x"2 -
2xIxb*x — 2xIxa + 2) + sqrt(pi)*(b~2 - Ixc)xerf(-1/2*sqrt(c)*(2xx + b/c)*(
Ixc/abs(c) + 1))*e”(-1/2x(-I*b~2 + 4xIxa*c - 4xc)/c)/(sqrt(c)*(I*xc/abs(c) +
1)))/c™2

Mupad [F]

time = 0.00, size = -1, normalized size = -0.00

/cos (cz®+bz+ a)2 (d+ ex)®drx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x + c*x"2)"2%(d + e*x)~2,x)

[Out] int(cos(a + b*x + c*x~2)"2%(d + e*x)"2, x)
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3.33 [(d + ex) cos? (a + bz + cx?) dx

Optimal. Leaf size=150

(d+ ex) + 3

, (2cd — be)y/T cos <2a - g—) FresnelC (ﬁ) (2cd — be) /7' S (%) sin (2a -

b

)

2c

4e 8c3/2 8¢3/2

[Out] 1/4*(exx+d) "2/e+1/8*e*xsin(2%cxx~2+2xb*xx+2%a)/c+1/8* (~b*e+2*c*d)*cos(2*xa-1/2
*b~2/c) *FresnelC((2xcxx+b) /c~(1/2) /Pi~(1/2))*Pi~(1/2)/c~(3/2)-1/8* (-b*e+2*c

*d) *FresnelS ((2*xc*x+b) /c~(1/2) /Pi~(1/2)) *sin(2*%a-1/2xb~2/c)*Pi~(1/2)/c~(3/2

)

Rubi [A]
time = 0.06, antiderivative size = 150, normalized size of antiderivative = 1.00, number of

number of rules _ ( 963
integrand size ’

steps used = 6, number of rules used = 5, integrand size = 19,
Rules used = {3549, 3543, 3529, 3433, 3432}

_ _ b+2cx 3 _ b _ b+2cx
VT cos (2(1 20) (2cd be)FresnelC(\/F\/E> V7 sin (2(1 26) (2cd be)S(ﬁﬁ) N e sin (2a + 2z + 2cz?) N (d + ex)?

8c3/2 8c3/2 8c 4e

Antiderivative was successfully verified.
[In] Int[(d + exx)*Cos[a + b*x + c*x~2]"2,x]

[Out] (d + e*x)~2/(4xe) + ((2%c*d - b¥e)*Sqrt[Pi]*Cos[2*a - b~2/(2%c)]*FresnelC[(
b + 2xcxx)/(Sqrt[cI*Sqrt[Pi]l)]1)/(8%c~(3/2)) - ((2*c*d - b*e)*Sqrt[Pi]*Fresn
elS[(b + 2xc*x)/(Sqrt[cl*Sqrt[Pi])]*Sin[2*a - b~2/(2%c)])/(8%c~(3/2)) + (ex
Sin[2*a + 2%b*x + 2%c*x72])/(8%c)

Rule 3432

Int[Sin[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(f*Rt[
d, 2]))*FresnelS[Sqrt[2/Pi]l*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3433

Int[Cos[(d_.)*((e_.) + (£f_.)*(x_))"2], x_Symbol] :> Simp[(Sqrt[Pi/2]/(£f*Rt[
d, 2]))*FresnelC[Sqrt[2/Pi]*Rt[d, 2]*(e + f*x)], x] /; FreeQ[{d, e, f}, x]

Rule 3529

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[Cos[(b~2 - 4%
axc)/(4xc)], Int[Cos[(b + 2*c*x)~2/(4*c)], x], x] + Dist[Sin[(b"2 - 4x*axc)/
(4%c)], Int[Sin[(b + 2%c*x)~2/(4*c)], x], x] /; FreeQ[{a, b, c}, x] && NeQ[
b2 - 4xaxc, 0]

Rule 3543

_*
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Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"21*((d_.) + (e_.)*(x_)), x_Symbol]
:> Simp[ex(Sin[a + b*x + c*x~2]/(2*c)), x] + Dist[(2*c*d - bxe)/(2*c), Int[
Cos[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[2*c*d - b*
e, 0]

Rule 3549

Int[Cos[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_)*((d_.) + (e_.)*(x_))"(m_.),
x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)“m, Cos[a + b*x + c*x~2]"n, x],
x] /; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[n, 1]

Rubi steps

/(d + ex) cos® (a + bz + c2?) dz = / (%(d +ex) + %(d + ex) cos (2a + 2bz + 2cx2)) dz

2
_ ([dtex) + % /(d + ex) cos (2a + 2bz + 2cz?) dz

4e
(d+ex)® esin(2a+ 2bx + 2cx?)  (4ed — 2be) [ cos (2a + 2bz + 2
= + +
4e 8c 8c
(d+ex)? esin(2a+ 2bx + 2cx?) <(2Cd — be) cos (2“ - %)) Je
= + +
4e 8c 4c
_ _ b b+2cx _
 (d+ ex)? (2cd — be)y/m cos (2(1 20) C<\/E\/F) (2¢d — be)
=4 F 8c3/2 B

Mathematica [A]
time = 0.44, size = 139, normalized size = 0.93

(2cd — be)y/T cos (Za - %i) FresnelC (ﬁ) — (2¢d — be)\/7?S< \/bciz\c/’;?) sin (2a — lzﬁc) + /¢ (2cx(2d + ex) + esin(2(a + (b + cx))))

8c3/2

Antiderivative was successfully verified.

[In] Integrate[(d + exx)*Cos[a + b*x + c*x~2]72,x]

[Out] ((2*cxd - b*e)*Sqrt[Pi]*Cos[2*a - b~2/(2*c)]*FresnelC[(b + 2*c*x)/(Sqrt[c]*
Sqrt[Pil)] - (2xc*d - bxe)*Sqrt[Pi]*FresnelS[(b + 2%c*x)/(Sqrt[c]*Sqrt[Pi])
1*Sin[2%a - b~2/(2*c)] + Sqrtlc]*(2*c*xx*(2xd + e*x) + exSin[2*(a + x*(b + ¢
*x))1))/(8%xc™(3/2))

Maple [A]
time = 0.14, size = 170, normalized size = 1.13
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method | result

N P /T (o2 et fﬁ)Jr( ( )) VT (=
8c?

. e w dy/T e ﬂ;ferf<f¢z? +be> eb/T0 e~ ﬂ%fﬂ( Vice +m/_

risch T+T+ ovic _

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*cos(c*x~2+b*x+a) 2,x,method=_RETURNVERBOSE)

[Out] 1/8*e*xsin(2*cxx~2+2%b*x+2%a)/c-1/8*%e*xb/c”(3/2)*Pi~(1/2)*(cos(1/2* (-4*axc+b™

2)/c)*FresnelC((2xc*x+b) /c~(1/2)/Pi~(1/2))+sin(1/2x(-4*a*xc+b~2) /c) *FresnelS
((2*%c*x+b) /c~(1/2) /Pi~(1/2)))+1/4xPi~(1/2) /c~(1/2) *d* (cos (1/2*% (-4*axc+b~2)/
c)*FresnelC((2xc*xx+b) /c~(1/2)/Pi~(1/2))+sin(1/2* (-4*a*xc+b~2) /c)*FresnelS((2
*Ckx+b) /c”(1/2) /Pi~(1/2)) ) +1/2*d*x+1/4*exx"2

Maxima [C] Result contains complex when optimal does not.
time = 0.78, size = 738, normalized size = 4.92

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*cos(c*x~2+b*x+a)”2,x, algorithm="maxima")

[Out] -1/32%(4~(1/4)*sqrt(2)*sqrt(pi)*(((I - 1)*cos(-1/2x(b"2 - 4*axc)/c) + (I +
1)*sin(-1/2*(b~2 - 4*a*c)/c))*erf ((2xIxc*xx + I*b)/sqrt(2xIxc)) + ((I + 1)*c
0os(-1/2%(b~2 - 4*axc)/c) + (I - 1)*sin(-1/2%(b"2 - 4xaxc)/c))*erf ((2*I*c*x
+ Ixb)/sqrt(-2*%Ixc)))*c~(3/2) - 16*%c”™2*x)*d/c”2 + 1/64*sqrt(2)*(((I - 1)*sq
rt(2)*sqrt (pi) *(erf (sqrt (1/2) *sqrt ((4*I*c™2%x"2 + 4*xIxb*cxx + I*b~2)/c)) -
1) - (I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*sqrt(-(4*I*xc~2*x"2 + 4*I*b*c*x
+ Ixb~2)/c)) - 1))*b~2*cos(-1/2%(b"2 - 4xaxc)/c) + ((I + 1)*sqrt(2)*sqrt(p
i)*x(erf(sqrt(1/2)*sqrt ((4*I*c~2xx~2 + 4*xIxbxc*x + I*b~2)/c)) - 1) - (I - 1)
*xsqrt (2) *sqrt (pi) * (erf (sqrt (1/2) *sqrt (- (4*I*c™2*x"2 + 4*I*bxcxx + I*b~2)/c)
) - 1))*b"2%sin(-1/2%(b"2 - 4*ax*xc)/c) - 2*%((-(I - 1)*sqrt(2)*sqrt(pi)*(erf(
sqrt (1/2) *sqrt ((4*I*c~2*xx"2 + 4*Ixb*c*x + I*b~2)/c)) - 1) + (I + 1)*sqrt(2)
xsqrt (pi)*(erf (sqrt(1/2) *sqrt (- (4*xI*c™2xx"2 + 4*xIxb*cxx + I*xb~2)/c)) - 1))*
bxc*cos(-1/2% (b2 - 4xaxc)/c) + (-(I + 1)*sqrt(2)*sqrt(pi)*(erf(sqrt(1/2)*s
qrt ((4*Ixc~2%x"2 + 4xIxb*c*x + Ixb~2)/c)) - 1) + (I - 1)*sqrt(2)*sqrt(pi)*(
erf(sqrt(1/2)*sqrt (- (4*I*c™2*x"2 + 4*I*bxcxx + I*b~2)/c)) - 1))*bxcxsin(-1/
2x(b~2 - 4xa*xc)/c))*x + 2%sqrt(2)*(4*c”™2*x"2 - c*x(I*e”(1/2%(4*xI*c”™2*xx"2 + 4
*Ixbxc*x + I*b~2)/c) - Ike™(-1/2%(4xI*c”2*x"2 + 4xIxb*xc*x + I*b~2)/c))*cos(
-1/2%(b™2 - 4xaxc)/c) + cx(e”(1/2x(4*Ixc™2*%x"2 + 4*xI*b*c*x + I*b~2)/c) + e~
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(-1/2%(4*I*c™2%x"2 + 4xIxb*xc*x + I*b~2)/c))*sin(-1/2%(b~2 - 4xaxc)/c))*sqrt
((4*c™2xx"2 + 4xbxcxx + b~2)/c))*e/(c"2xsqrt ((4*c™2xx"2 + 4xbxc*x + b~2)/c)

)

Fricas [A]
time = 0.40, size = 155, normalized size = 1.03

=

™

- R (@ca+b) - (@ea+h ,
2c%z% + 4 c*dz + 2 ccos (cx? + br + a) esin (cz? + bz + a) + (2med — whe) /= cos (—b ;i“c) C - - (27rcd—7rbe),/; S - sin (—b ;‘2“)

8¢c?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*cos(c*xx~2+b*x+a)~2,x, algorithm="fricas")

[Out] 1/8%(2xc™2%x"2%e + 4*c™2%d*x + 2%c*cos(c*x™2 + b*x + a)*e*sin(c*x™2 + b*x +
a) + (2xpixcxd - pi*b*e)*sqrt(c/pi)*cos(-1/2*(b~2 - 4*a*c)/c)*fresnel_cos(
(2xc*x + b)*sqrt(c/pi)/c) - (2*pi*c*d - pixbxe)*sqrt(c/pi)*fresnel_sin((2x*c

*x + b)*sqrt(c/pi)/c)*sin(-1/2%x(b~2 - 4x*a*c)/c))/c"2

Sympy [F]
time = 0.00, size = 0, normalized size = 0.00

/ (d + ex) cos® (a + bz + cz?) dz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*cos(cxx**2+bxx+a)**2,x)
[Out] Integral((d + exx)*cos(a + b*x + cxx**2)**2, Xx)

Giac [C] Result contains complex when optimal does not.
time = 0.51, size = 304, normalized size = 2.03

\/?ac,‘(fg\/?(zt+;>(fﬁ+x))c( ) X Vb4 VE (2e+2) (3541) )l igaectc)

%%+1M7¢;Mdp;ﬁuu+9¢%+gyvﬁ%ﬁ7¢;ﬁdggﬁu1gmﬁ+qy«ﬂ%i}+ ) e

2 8ve (-5 +1) 8ve (i +1) 16c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*cos(c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] 1/4*x"2xe + 1/2xd*x - 1/8*sqrt(pi)*d*erf(-1/2*sqrt(c)*(2*x + b/c)*(-Ixc/abs
(c) + 1))*e~(-1/2%(I*b~2 - 4xI*a*xc)/c)/(sqrt(c)*(-Ixc/abs(c) + 1)) - 1/8%sq
rt(pi)*dxerf (-1/2*sqrt(c)*(2xx + b/c)*(Ixc/abs(c) + 1))*e~(-1/2%(-Ixb"2 + 4
xIxaxc)/c)/(sqrt(c)*(Ixc/abs(c) + 1)) + 1/16%(sqrt(pi)*bxerf (-1/2*sqrt(c)*(
2xx + b/c)*(-Ixc/abs(c) + 1))*e”~(-1/2x(I*xb~2 - 4*Ixa*xc - 2%c)/c)/(sqrt(c)*(
-Ixc/abs(c) + 1)) - I*xe~(2xIkxc*xx™2 + 2*Ixbk*x + 2*Ixa + 1))/c + 1/16%(sqrt(p
i) *b*xerf (-1/2*xsqrt(c) *(2*x + b/c)*(Ixc/abs(c) + 1))*e”(-1/2x(-I*b~2 + 4x*I*a
xc — 2%c)/c)/(sqrt(c)*(I*xc/abs(c) + 1)) + I*e”(-2xIxc*x"2 - 2xI*b*x - 2xIxa
+ 1)) /c



Mupad [F]
time = 0.00, size = -1, normalized size = -0.01

/cos (ca®+ bz +a)’ (d+ex) do

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x + c*x~2)"2%(d + e*x),x)

[Out] int(cos(a + b*x + c*x"2)"2%(d + e*x), x)
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3.34 [l g

Optimal. Leaf size=44

—Int
Tt d+ex

log(d +ex) 1 <cos (2a + 2bx + 2cx?) :c)
2e 2 ’

[Out] 1/2*1n(e*x+d)/e+1/2*Unintegrable(cos(2xc*x~2+2xbxx+2*a)/(exx+d) ,x)

Rubi [A]
time = 0.03, antiderivative size = 0, normalized size of antiderivative = 0.00, number of

number of rules _ 0.000,
integrand size

steps used = 0, number of rules used = 0, integrand size = 0,
Rules used = {}

dz

/ cos? (a + bz + cz?)
d+ex

Verification is not applicable to the result.
[In] Int[Cos[a + b*x + c*x~2]"2/(d + e*x),x]
[Out] Logl[d + e*x]/(2*e) + Defer[Int] [Cos[2*a + 2*b*x + 2xc*x~2]/(d + e*x), x]/2

Rubi steps
2 2 2
/cos (a+bx+cm)dx:/ 1 +cos(2a+2bw+2cx) i
d+ex 2(d+ex) 2(d + ex)
2
_ log(d + ex) + 1 / cos (2a + 2bz + 2cz?) iz
2e 2 d+ex

Mathematica [A]
time = 6.45, size = 0, normalized size = 0.00

/ cos? (a + bz + cx?)

d
d+ex T

Verification is not applicable to the result.

[In] Integratel[Cos[a + b*x + c*x~2]72/(d + e*x),x]
[Out] Integrate[Cos[a + b*x + c*x~2]72/(d + e*x), x]
Maple [A]

time = 0.11, size = 0, normalized size = 0.00

/ cos? (cz? + bz + a)

ex+d dz
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(c*x~2+b*x+a) 2/ (e*x+d) ,x)

[Out] int(cos(c*x~2+b*xx+a) "2/ (e*x+d) ,x)

Maxima [A]
time = 0.00, size = 0, normalized size = 0.00

Failed to integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)~2/(e*xx+d),x, algorithm="maxima")

[Out] -1/2%(2xexintegrate(-1/4*(cos(2*c*x”~2 + 2%b*x)*cos(2*a) - sin(2*c*x"2 + 2x*b
*x)*sin(2%a))/((cos(2*a)~2 + sin(2*a)~2)*d + (cos(2xa) 2*e + e*xsin(2*a)~2)*
X), X) - 2%exintegrate(1/4*cos(2*c*x”2 + 2%b*x + 2*xa)/(x*e + d), x) - log(x

xe + d))*e”(-1)

Fricas [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)~2/(e*xx+d),x, algorithm="fricas")

[Out] integral(cos(c*x”2 + b*x + a)~2/(xxe + d), x)

Sympy [A]
time = 0.00, size = 0, normalized size = 0.00

2 2
/cos (a+bx + cx )dx
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x**2+b*x+a)**2/(exx+d) ,x)

[Out] Integral(cos(a + b*x + c*xx*x2)**2/(d + e*x), x)

Giac [A]
time = 0.00, size = 0, normalized size = 0.00

could not integrate

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(cos(c*x~2+b*x+a)~2/(exx+d),x, algorithm="giac")



[Out] integrate(cos(c*x~2 + b*x + a)~2/(x*e + d), x)

Mupad [A]
time = 0.00, size = -1, normalized size = -0.02

2 2
/cos(cx +bx+a) I
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int(cos(a + b*x + c*x~2)"2/(d + e*x),x)

[Out] int(cos(a + b*x + c*x"2)"2/(d + e*x), x)
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Chapter 4

Appendix

Local contents

4.1 Download section
4.2 Listing of Grading

functions . . . . . . . ..o
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4.1 Download section

The following zip files contain the raw integrals used in this test.

Mathematica format [Mathematica syntax.zip|

Maple and Mupad format [Maple syntax.zip|

Sympy format SYMPY syntax.zip|

Sage math format SAGE syntax.zip|

4.2 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.2.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)
(* Small rewrite of logic in main function to make it*)
(* match Maple's logic. No change in functionality otherwis

(* ::Subsection:: *)

(*GradeAntiderivative[result, optimal]*)

(* ::Text:: *)
(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

ex)


/my_notes/CAS_integration_tests/reports/summer_2022/input/Mathematica_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/Maple_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SYMPY_syntax.zip
/my_notes/CAS_integration_tests/reports/summer_2022/input/SAGE_syntax.zip
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GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount

(* :

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount [result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}

,» (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
, (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (xELSE*) (*result does not contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A","none"}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}

]
1;
finalresult
:Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)

(*1
(*2
(*3
(%4
(*5
(*6
(*7
(*8

= rational function*)

= algebraic function*)

= elementary function¥)

= special function*)

= hyperpergeometric function*)
= appell function*)

= rootsum function*)

= integrate function*)

Result,leafC

leaf count

f optimal. $

al. Order "<
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(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]1],
ExpnType [expn[[1]]],
If [Head [expn[[2]]]===Rational,
If[IntegerQlexpn[[1]1]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1]],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
I1f [SpecialFunctionQ[Head [expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]]1,
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
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ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi

},func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

4.2.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

rsion issues




#
#
#
#
#
#
#
#

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

IIFII

IICII
IIBII

"AII

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

if ExpnType_result<=ExpnType_optimal then
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if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",ExpnType
fi;

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

return "F","Result contains unresolved integral";

if debug then
print ("ExpnType_result<=ExpnType_optimal") ;
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s nn g

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",
convert(leaf_count_optimal,string)," ) = ",con
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;

optimal) ;

af count of r

vert (2xleaf _c

else # result do not contain complex
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# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal do not as well"
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A","";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the leaf count of o
convert(leaf_count_result,string),"$ vs. $2(",
convert(leaf_count_optimal,string),")=",convert(2xleaf_cou
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C",cat("Result contains higher order function than in optimal. Order ",
convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

H OH OH H HH HEHH
~NOo O WwN -
|



# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType, expn) )
elif type(expn, 'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)]1)))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [
exp,log,ln,
sin,cos,tan,cot,sec,csc,
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arcsin,arccos,arctan,arccot,arcsec,arccsc,

sinh,cosh,tanh,coth,sech,csch,

arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])
end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.2.3 Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_ hypergeometric_ function(func):
return func in [hyper]

def is_appell function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False




def expnType(expn):
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except AttributeError as error:
return False

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args(0])) #maz(2,EzpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

,expn)), Expn’

x')

ml = max(map(expnType, list(expn.args))) #Apply/Max, Append[Map[ExpnType, Apply[List,expn]],7]],

return max(7,ml)

elif str(expn).find("Integral") != —1:
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larger

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B'

grade__annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(lea

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_ re



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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4.2.4 SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In',
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is_special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf')'erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equivalent—to—atomic—
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)




186

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args(0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(ezpn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn. o]
Add) or isinsta

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

ssult is larger t

l. "+str(leaf

xpnType_ rest
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